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Abstract
Three-dimensional turbulent magnetoconvection in liquid metal at a Prandtl number of
Pr = 0.025 is studied in closed rectangular cells for strong external magnetic fields B0
by means of direct numerical simulations which apply the quasistatic approximation.
The main aim is to understand how the turbulent heat and momentum transfer is af-
fected and how the convection structures are organized by the external magnetic fields.
Two representative systems are investigated in this thesis: turbulent Rayleigh-Be´nard
convection in an external horizontal magnetic field and in an external vertical magnetic
field.
For the system with an external horizontal magnetic field, turbulent Rayleigh-
Be´nard convection at a Rayleigh number of Ra= 106 in closed cells with two different
geometries, that of a square box with an aspect ratio of Γ= 4 : 4 : 1 and a long rectan-
gular box with Γ = 1 : 4 : 1 are studied. Different convection pattern regimes that are
related to the aspect ratio and the strength of the magnetic field, which is quantified by
the Hartmann number Ha, are identified. The most remarkable convection pattern ob-
served in the square box are reversals of the large-scale flow – a reorganization process
of the roll-like structure that fill the whole cell constrained by a moderate magnetic
field. The key regime of the flow reversals is the interaction of between the aligned
convection rolls and global horizontal circulation caused by the skewed-varicose insta-
bility. This regime bears an interesting similarity to the large-scale intermittency in the
channel flow with moderate spanwise magnetic field. The most interesting convection
regime in the long rectangular box with Γ= 1 : 4 : 1 is the twisted roll structure which
consists of two half-vessel-length rolls with different orientations during the transition
period under a moderate magnetic field.
For the system with an external vertical magnetic field, turbulent Rayleigh-Be´nard
convection at a Rayleigh number of Ra = 106 in a closed cubic cell with an aspect
ratio of Γ = 1 : 1 : 1 and at a higher Rayleigh number of Ra = 107 in a square box
with an aspect ratio of Γ= 4 : 4 : 1 are mainly reported in this thesis. The most promi-
nent results come from the latter configuration. By a Fourier analysis, the convection
patterns are shown with a decreasing characteristic horizontal wavelength as Ha in-
creases. The turbulent heat transfer, which is investigated in concentric square shells,
is found to become increasingly distributed on flow modes that are attached to the side
walls. Similar to rotating Rayleigh-Be´nard convection, the sidewall modes continue to
exist for Ha beyond the Chandrasekhar limit of linear stability. We report a detailed
analysis of the complex two-layer structure of these wall modes, their extension into
the cell interior, and a resulting sidewall boundary layer composition that is found to
scale with the Shercliff layer thickness.
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Zusammenfassung
Dreidimensionale turbulente Magnetokonvektion in Flu¨ssigmetallen bei einer Prandtl-
Zahl von Pr= 0,025 wird in geschlossenen rechteckigen Zellen fu¨r starke a¨ußere Mag-
netfelder B0 durch direkte numerische Simulationen untersucht, welche die quasistatis-
che Na¨herung anwenden. Das Hauptziel ist es, zu verstehen wie der turbulente Wa¨rme-
und Impulstransport beeinflusst wird und wie die Konvektionsstrukturen durch die
a¨ußeren Magnetfelder umorganisiert werden. In dieser Arbeit werden zwei repra¨sen-
tative Systeme untersucht, bei denen die turbulente Rayleigh-Be´nard-Konvektion in
einem a¨ußeren horizontalen Magnetfeld bzw. in einem externen vertikalen Magnetfeld
erfolgt.
Fu¨r das System mit einem horizontalen Magnetfeld wird Rayleigh-Be´nard-Konve-
ktion bei einer Rayleigh-Zahl von Ra = 106 in geschlossenen Zellen mit zwei unter-
schiedlichen Geometrien untersucht, d. h. eine Zelle mit quadratischer Grundfla¨che
mit einem Seitenverha¨ltnis von Γ= 4 : 4 : 1 und eine lange rechteckige Zelle mit Γ= 1 :
4 : 1. Unterschiedliche Konvektionsregimes werden identifiziert, welche vom Aspek-
tverha¨ltnis und der Sta¨rke des Magnetfelds abha¨ngen, das durch die Hartmann-Zahl
Ha quantifiziert wird. Das bemerkenswerteste Konvektionsregime, das in der Box mit
quadratischer Grundfla¨che beobachtet wird, ist die Umkehrung der Stro¨mung – ein Re-
organisationsprozess der rollenartigen Struktur, die durch ein gema¨ßigtes Magnetfeld
eingeschra¨nkt wird. Das Schlu¨ssel zu den Stro¨mungsumkehrungen liegt in der Wech-
selwirkung zwischen den ausgerichteten Konvektionswalzen und der globalen horizon-
talen Zirkulation, die durch die so genannte Skewed-Varicose-Instabilita¨t verursacht
wird. Das Regime zeigt eine interessante A¨hnlichkeit mit der großskaligen Intermit-
tenz in einer Kanalstro¨mung mit einem moderaten a¨ußeren Magnetfeld in Spannweit-
enrichtung. Das interessanteste Konvektionsregime in der langen rechteckigen Zelle
ist die verdrillte Walzenstruktur, die aus zwei Walzen mit halber Beha¨lterla¨nge mit
unterschiedlichen Ausrichtungen wa¨hrend der U¨bergangsperiode besteht.
Fu¨r das System mit a¨ußerem vertikalen Magnetfeld wird hauptsa¨chlich turbulente
Rayleigh-Be´nard-Konvektion bei einer Rayleigh-Zahl von Ra= 106 in einer geschlosse-
nen kubischen Zelle mit einem Aspektverha¨ltnis von Γ = 1 : 1 : 1 und bei einer ho-
hen Rayleigh-Zahl von Ra = 107 in einer Zelle mit einem Seitenverha¨ltnis von Γ =
4 : 4 : 1 beschrieben. Durch eine Fourier-Analyse werden Konvektionsstrukturen mit
abnehmender charakteristischer horizontaler Wellenla¨nge gefunden wa¨hrend Ha zu-
nimmt. Der turbulente Wa¨rmetransport, welcher in konzentrischen quadratischen Teil-
bereichen untersucht wird, verteilt sich zunehmend auf Stro¨mungsstrukturen, die an
den Seitenwa¨nd anliegen. A¨hnlich wie bei rotierender Rayleigh-Be´nard-Konvektion
bestehen die Seitenwandmoden fu¨r Ha oberhalb der Chandrasekhar-Grenze fort. Es
iii
erfolgt, eine detaillierte Analyse der komplexen Zweischicht-Struktur dieser Seiten-
wandmoden, ihrer Ausdehnung in das Zellinnere und der daraus resultierenden Zusam-
mensetzung der Seitenwandgrenzschicht, deren Skalierung mit der Shercliff-Schicht-
dicke erfolgen kann.
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Chapter 1
Introduction
1.1 Background and motivation
We discuss the interaction between convection and magnetic field in well electri-
cally conducting fluids. The main aim is to advance our understanding of heat and
momentum transfer in such flows, which are referred to as magnetoconvection, equiv-
alent with magneto convection and magnetic convection.
Magnetoconvection is of interest in numerous astro- and geophysical problems
[Ru¨diger et al., 2013; Weiss & Proctor, 2014], such as the formation of sunspots (see
figure 1.1), solar granulation and magnetic field generation of planets like the Earth.
Less spectacular, but not less important, are the occurrences of magnetoconvection in
numerous technological applications [Davidson, 2016] ranging from metallurgy and
materials processing, where the control of the convective flow by a magnetic field may
improve the quality of the produced material, via liquid metal battery with its perfor-
mance influenced by magnetoconvective instabilities, to liquid metal blanket design in
nuclear fusion technology (see figure 1.2), where the liquid metal within the blanket is
exposed to strong temperature gradients as well as strong magnetic fields. Therefore,
the knowledge of turbulent magnetoconvection in a strong magnetic field becomes
fundamental to the design of these cooling and breeding devices.
Particularly, in most technological applications, the working fluids are liquid molten
metals with very small magnetic Prandtl number Pm , which is a ratio of the viscous
and magnetic diffusion, of the order 10−5. The magnetic Reynolds number Rm, which
is a measure of the relative magnitude of advection to diffusion of the magnetic field
in the flow, thus remains small, i.e., of the order 10−2 to 10−4. In these cases, the
induced secondary magnetic field is negligible, and therefore, the quasistatic regime
of magnetohydrodynamics [Davidson, 2016; Knaepen & Moreau, 2008] is applicable
for a simplification of the full set of magnetoconvection equations.
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Fig. 3.1. High‐resolution G‐band image of a symmetrical sunspot, obtained with the SST on La 
Palma. Penumbral filaments are clearly visible, as are a few umbral dots. The bright points 
nestling between granules indicate the presence of small‐scale magnetic fields. (Courtesy of L. 
H. M. Rouppe van der Voort and the Royal Swedish Academy of Sciences.)
Granule
Penumbra
umbra
Figure 1.1: High-resolution G-band image of a symmetrical sunspot, obtained with the Swedish
Solar Telescope (SST) on La Palma. The magnetic field is vertical at the center of the spot
but becomes increasingly inclined towards the periphery. In the central dark umbra there is
a tesseral pattern of convection, with isol ted bright dots, few of which are visible. The
penumbra has a filamentary ructure, with roll-like patterns of conve ti n. The small-scale
cellular pattern surrounding the spot is the photospheric granulation. Hot plasma rises in the
center of a granule and cooler fluid sinks around its periphery. The bright points nestling
between granules indicate the presence of small-scale magnetic fields. (Courtesy of L. H. M.
Rouppe van der Voort and the Royal Swedish Academy of Sciences.)
(a) (b)
Figure 1.2: (a) Principle structure of the Tokamak nuclear fusion reactor in ITER
(www.iter.org). (b) Principle scheme of a cooling and breeding blanket corresponding to the
red region in panel (a). The blanket is positioned between the plasma and the magnetic coils
and has three main functions: (i) shielding or protecting the surroundings from the huge ther-
mal load and neutrons generated in the reaction zone, (ii) converting the energy of the neutrons
into heat and transporting the heat into an external power generation cycle, and (iii) applying
the reaction between the neutrons and lithium in the blankets to breed tritium fuel.
This work is dedicated to the magnetoconvection in those industrial applications
with negligible magnetic Reynolds number Rm 1. Although extensive experimental
and numerical studies have been performed to analyze convection in liquid metal in
presence of an external magnetic field, only a few are available in the case of strong
magnetic field. And because of the limited observation capabilities in liquid metals
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and difficulties of reproducing relevant flow parameters, it is challenging to study the
problem in experiments alone. Furthermore, the instabilities cannot be predicted by
applied approximate models of flows in strong magnetic fields. This sets the motivation
for the present work.
We conduct highly accurate three-dimensional direct numerical simulations to in-
vestigate magnetoconvection and focus on the case of strong magnetic fields. The most
relevant applications are, therefore, the design of liquid metal blankets of fusion reactor
and strong magnetic field controlled solidification. Rather than focus on specific appli-
cations, however, the present work will study the fundamental physics by employing
an idealized system of Rayleigh-Be´nard magnetoconvection. A detailed introduction
and motivation will follow next.
1.2 Research objectives and review of selected research
Rayleigh-Be´nard magnetoconvection, i.e. Rayleigh-Be´nard convection under the
effect of magnetic fields have been frequently invoked to study the primary physics
of magnetoconvection because of its analytic and experimental accessibility (see, e.g.,
[Aurnou & Olson, 2001; Burr & Mu¨ller, 2001, 2002; Busse, 2008; Busse & Clever,
1982, 1983, 1989; Chandrasekhar, 1952, 1961; Cioni et al., 2000; Clever & Busse,
1989; Fauve et al., 1981, 1984a,b; Houchens et al., 2002; Nakagawa, 1955, 1957;
Tasaka et al., 2016; Vogt et al., 2018; Yanagisawa et al., 2013, 2011, 2010a; Zu¨rner
et al., 2016]).
The system itself is deceptively simple – an electrically conducting fluid confined
in a horizontal layer heated from below, cooled from above, and subject to a magnetic
field. The interplay of the occurring buoyancy and Lorentz forces inside, however, has
yielded highly complex flows with very distinct flow structures and transport regimes
of heat and momentum depending on the input parameters (which will be thoroughly
defined in Chapter 2): the Prandtl number Pr, a ratio of the viscous diffusion coefficient
(also known as kinematic viscosity) and the thermal diffusion coefficient, the Rayleigh
number Ra, which is a measure of the buoyancy force and the Hartmann number Ha, a
measure of the magnetic field, as well as the direction of the magnetic field in addition
with aspect ratio Γ when a closed geometry is considered.
In this work we focus on two representative objectives: Rayleigh-Be´nard convec-
tion under effects of a horizontal magnetic field and Rayleigh-Be´nard convection un-
der effects of a vertical magnetic field (see figure 1.3). A detailed review of former
researches especially those are most related to this work will follow next.
We start with the effect of a horizontal magnetic field on Rayleigh-Be´nard con-
3
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Figure 1.3: Configurations which are considered in this thesis. Left: Rayleigh-Be´nard con-
vection under effects of a horizontal magnetic field. Right: Rayleigh-Be´nard convection under
effects of a vertical magnetic field.
vection. Early works can be traced back to the theoretical studies in an infinitely ex-
tended horizontal layer heated from below by Chandrasekhar [1961] and by Busse &
Clever [1983, 1989]. A purely horizontal magnetic field has no effect on the onset
of convection [Chandrasekhar, 1961], but it delays the onset of oscillatory convection
and therefore tends to increase the efficiency of convective heat transport [Busse &
Clever, 1983, 1989]. In addition, the horizontal magnetic field tends to organize the
convection pattern as a simpler structure in form of two-dimensional rolls aligned with
the magnetic field, which has been demonstrated in numerous experiments (see, e.g.,
[Burr & Mu¨ller, 2002; Fauve et al., 1981, 1984a,b; Tasaka et al., 2016; Vogt et al.,
2018; Yanagisawa et al., 2013, 2011, 2010a]). Moreover, Burr & Mu¨ller [2002] re-
ported that in realistic cases with bounded fluid layers, the horizontal magnetic field
also tends to increase the convection threshold because of the Hartmann braking at
the side walls perpendicular to the magnetic field lines. The wave number of the two-
dimensional rolls increases with increasing magnetic field strength. Particularly, with
the development of ultrasonic velocity measurement, statistical spatio-temporal con-
vection patterns in a liquid metal under horizontal magnetic fields have been studied
experimentally and various flow regimes and regime transitions have been uncovered
[Tasaka et al., 2016; Vogt et al., 2018; Yanagisawa et al., 2013, 2011, 2010a]. One of
the most interesting results are the flow reversals observed in a square vessel of aspect
ratio 5 under an intermittent horizontal magnetic field, which is also the most inter-
esting point of the present study on Rayleigh-Be´nard convection under the effect of a
horizontal magnetic field.
Now we move on to review the effect of a vertical magnetic field on Rayleigh-
Be´nard convection. Chandrasekhar [1952, 1961] first analyzed the linear problem and
showed that a sufficiently strong vertical external magnetic field can suppress the onset
4
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of Rayleigh-Be´nard convection. For example, for the case of free-slip boundaries at
the top and bottom plates, the critical Rayleigh number Rac of the onset of magneto-
convection in a layer, that is heated from below and cooled from above, is given in
analytical form by
Rac =
pi2+a2
a2
[
(pi2+a2)2+pi2Q
]−→ pi2Ha2 for 1
pi2
Ha2 1 . (1.1)
Here, a= kH is the dimensionless horizontal normal mode wave number, H the height
of the convection layer and Q the Chandrasekhar number, which is the square of Hart-
mann number Ha. The equation (1.1) is known as the Chandrasekhar linear stability
limit of magnetoconvection and the relation holds also for no-slip boundary conditions
at the top and bottom. Experiments involving a layer of mercury by Nakagawa [1955,
1957] yielded consistent results with the linear prediction. Busse & Clever [1982] dis-
cussed the oscillatory stability of convection roll in the presence of a vertical magnetic
field theoretically and reported that the vertical magnetic field tends again to delay the
onset of oscillatory convection and also tends to increase the efficiency of convective
heat transport, since the onset of oscillations reduces the heat transport by convection
[Clever & Busse, 1989]. The results were later confirmed in laboratory experiments
[Aurnou & Olson, 2001; Burr & Mu¨ller, 2001; Cioni et al., 2000] and further phenom-
ena for highly supercritial conditions, which is most relevant for technical applications,
were also reported. In particular, Burr & Mu¨ller [2001] investigated the local temporal
dynamics of liquid metal Rayleigh-Be´nard convection in a long rectangular box under
a vertical magnetic field based on local temperature measurements. It is observed that
the fluctuations in the temperature field get damped significantly by the vertical mag-
netic field and that the effect is selective with respect to frequency. Also, and the fluctu-
ating part of the local temperature gradient confirms that the convective flow under the
vertical magnetic field remains horizontally isotropic and no predominant orientation
of time-dependent flow structures is established. Cioni et al. [2000] investigated the
effect of a vertical magnetic field on turbulent Rayleigh-Be´nard convection experimen-
tally with the Rayleigh number Ra up to 3×109 and the Chandrasekhar number Q up
to 4× 106 and characterized two convective regimes influenced by vertical magnetic
fields, namely regime I, Nu∼Ra/Q for large Q and regime II, Nu∼Ra0.43Q−0.25 for
higher Ra. Here, the Nusselt number Nu is a dimensionless measure of the turbulent
heat transfer. The different regimes were supposed to be associated with the different
convection pattern in the interior. However, due to the opaque nature of liquid metal,
which are commonly used in magnetoconvection experiments, detailed experimental
understanding of the interior convection pattern under effect of a vertical magnetic
5
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field is very few. This sets a first central motivation of the present study.
Furthermore, an equation similar to (1.1) can be derived for a Rayleigh-Be´nard
convection layer that rotates about the vertical axis with a constant angular velocity
Ω0 – an alternative way to suppress the onset of convection (With the dimensionless
Taylor number given by Ta = 4Ω20H
4/ν2, equation (1.1) for rotating convection fol-
lows by the substitution (pi2 + a2)Ha2 = Ta). It is well-known since the experiments
in water or oil of Zhong et al. [1991], Ecke et al. [1992], Liu & Ecke [1999], and King
et al. [2012] and the linear stability analyses of Goldstein et al. [1993, 1994] that the
existence of sidewalls in closed and rotating cylindrical cells can destabilize convec-
tion. For recent direct numerical simulations of rotating liquid metal convection flows,
we refer additionally to Horn & Schmid [2017]. In other words, convection is present
for Ra < Rac in form of subcritical modes attached to the sidewalls which are denoted
as wall modes in the following. This result together with the close analogy to rotating
Rayleigh-Be´nard convection sets a second central motivation for the present study on
Rayleigh-Be´nard convection under the effect of a vertical magnetic field.
We now move on to define the scope of the present thesis more precisely and for-
mulate the questions that it intends to answer.
1.3 Scope of the thesis
The aim of the present work is to study turbulent Rayleigh-Be´nard magnetocon-
vection via high-resolution direct numerical simulation (DNS) with an in-house FOR-
TRAN code. As mentioned in the previous section, two main points are discussed in
this thesis, turbulent Rayleigh-Be´nard convection under effects of a horizontal mag-
netic field and turbulent Rayleigh-Be´nard convection under effects of a vertical mag-
netic field. In both objectives, we will consider a configuration that is typical for
laboratory experiments in the field, a closed rectangular cell filled with liquid gallium
at a Prandtl number Pr = 0.025.
For the subject of turbulent Rayleigh-Be´nard convection in presence of a horizontal
magnetic field, the work aims to answer the following general questions:
1. How are the convection structures in a closed geometry organized by a horizontal
magnetic field? And how is the turbulent heat and momentum transport affected?
2. Will flow reversals be observed in configurations with different aspect ratios? If
so, how does the reversal regime compare to the former experiments by Yanagi-
sawa et al. [2013] and Tasaka et al. [2016]. How do heat and momentum transfer,
turbulent kinetic energy and dissipation rates evolve when the reversals proceed?
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For the subject of turbulent Rayleigh-Be´nard convection in presence of a vertical
magnetic field, the work aims to answer the following general questions:
1. How is the turbulent heat and momentum transfer is affected and how are the
structures reorganized when the vertical magnetic field strength is increased step-
wise to values toward the Chandrasekhar linear stability limit (Eq. 1.1)?
2. Will the magnetoconvection survive when the vertical magnetic field strength
increase beyond the Chandrasekhar linear threshold in a closed geometry? How
is the structure organized and how does it compare to the subcritical wallmodes
in rotating Rayleigh-Be´nard convection?
The thesis is structured as follows. In the next chapter, we describe the theoretical
foundations related to Rayleigh-Be´nard magnetoconvection and introduce the physical
models and the governing equations used in the study. The numerical procedure is
presented in chapter 3. The basic scheme of the solver, the boundary condition treat-
ment and the clustering schemes are introduced in detail. Studies of grid sensitivity
and a verification of the numerical procedure are also presented. Chapter 4 is devoted
to the investigation of turbulent Rayleigh-Be´nard convection under effects of a hori-
zontal magnetic field and the results of effects of a vertical magnetic field are included
in chapter 5. Finally, in chapter 6, the conclusions arising out of the present work are
summarized with a brief outlook towards future work.
7
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Chapter 2
Theoretical foundations
2.1 Boussinesq equations
Rayleigh-Be´nard convection is the simplest setting of a buoyancy driven flow,
which considers a horizontal layer of fluid heated from below and cooled from above.
When the temperature difference across the layers is large enough, the destabilizing
buoyancy effects exceed the stabilizing effects of viscosity and natural convection
occurs. The transition from the static, diffusive state to a state of natural convec-
tion, which is called Rayleigh-Be´nard instability, was first theoretically analyzed by
Rayleigh (1916), who was inspired by the experiments of Be´nard (1900). Rayleigh-
Be´nard convection plays a crucial role in the development of stability theory in hy-
drodynamics, in pattern formation and in the study of spatial-temporal chaos and has
been considered as a paradigm to understand basic properties of thermal convection in
numerous natural and technological systems, such as, thermal convection in the atmo-
sphere, in the oceans, in nuclear reactors, crystallization processes as well as in geo-
and astrophysics, e.g., the generation of magnetic fields within the Earth’s outer core.
An detailed introduction and overview can be found in [Ahlers et al., 2009; Chilla`
& Schumacher, 2012]. Here we mainly recall the governing equations of Rayleigh-
Be´nard convection. The basic equations of motion in convective turbulence take a full
set of compressible flow equations containing the balances of mass, momentum and
energy as well as a supplemented equation of state. They have been introduced in de-
tail in the book of Chandrasekhar [1961]. However, in a wide range of applications, the
exact equations can be simplified considerably based on the Boussinesq approximation
(Boussinesq, 1903).
The main idea of the Boussinesq approximation is that the temperature variations
about the reference state are small such that the density variations remain small as well.
The buoyancy still drives the fluid motion. In these flows, the variations in density ρ
9
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can be neglected and ρ can be treated constant which leads to the incompressibility
approximation. This holds except for the volume force. One introduces a force density
ρg, where g is the acceleration of gravity. In this buoyancy term, the density ρ depends
linearly on the temperature perturbation and is given by
ρ = ρ0[1−β (T −T0], (2.1)
where ρ0 is the density of fluid at reference temperature T0, and β is the coefficient
of volume expansion. For gases and liquids that people are mostly considered, the
coefficient of volume expansion β is found in the range 10−3/K to 10−4/K. Specifi-
cally, for liquid gallium that we are considered in this thesis, β is about 1.18×10−4/K
[Hoather, 1936]. For a temperature variation of moderate amount, the variations in
density |∆ρ|/ρ0 = |ρ−ρ0|/ρ0 = β |T −T0| are much smaller than 1. Therefore, it can
be ignored properly. But in the buoyancy term, |∆ρ|g is still of the same order of mag-
nitude as the inertia, acceleration or viscous stresses of the fluid and therefore can not
be ignored. In addition, the variations in the other coefficients, e.g., the dynamic vis-
cosity µ , the specific heat at constant pressure cp and the thermal conductivity k, which
are consequent to variations in density of the amounts stated, must be of the same order
and therefore can be ignored as well and be treated as constant everywhere.
In the frame of the Boussinesq approximation, the governing equations of Rayleigh-
Be´nard convection, which follow the conservation of mass, momentum and energy, can
be written as
∇ ·u= 0, (2.2)
∂u
∂ t
+(u ·∇)u=−∇p
ρ0
+ν∇2u+gβ (T −T0)ez, (2.3)
∂T
∂ t
+(u ·∇)T = κ∇2T. (2.4)
Here, u, p and T are, correspondingly, velocity field, pressure field and temperature
field. ν = µ/ρ0 is the kinetic viscosity and κ = k/(cpρ0) the thermal diffusivity of the
fluid. ez is the unit vector opposite to the direction of gravity. One should note that in
the energy equation (2.4), the viscous dissipation is neglected.
Equations (2.2), (2.3) and (2.4) are the so-called Boussinesq equations and are gen-
erally used to describe the motion in Rayleigh-Be´nard convection. Next, we move on
to introduce the effect of magnetic fields, which takes us to the subject of magnetohy-
drodynamics.
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2.2 Magnetohydrodynamics
Magnetohydrodynamics (MHD) denotes the study of the mutual interaction be-
tween magnetic fields and moving, electrically conducting fluids. The fundamentals of
MHD have been discussed comprehensively in Shercliff [1965] or Davidson [2016].
In this section, we mainly recall the governing equations of MHD, introduce the quasi-
static approximation related to this work and give a short review of the general features
of the MHD effects.
2.2.1 The MHD equations
In general, the governing equations of MHD are a combination of the Navier-Stokes
equations and a reduced form of Maxwell’s equations of electromagnetism. We restrict
the discussion to incompressible, viscous, electrically conducting (but not magnetic or
dielectric) fluids. We start with the Maxwell’s equations, which are written as:
∇ ·E = ρe
ε0
(Gauss’ law), (2.5)
∇ ·B = 0 (Solenoidal nature of B), (2.6)
∇×E =−∂B
∂ t
(Faraday’s law in differential form), (2.7)
∇×B = µ0
(
J + ε0
∂E
∂ t
)
(Ampe`re-Maxwell equation), (2.8)
where E is the electric field, ρe the electrostatic charge density, B the magnetic field
and J the electrical current density. ε0 and µ0 are the permittivity and permeability of
vacuum. In addition we have
J = σ(E+u×B) (Ohm’s Law), (2.9)
∇ ·J =−∂ρe
∂ t
(charge conservation), (2.10)
F = q(E+u×B) (electrostatic force plus Lorentz force), (2.11)
where σ is the electrical conductivity and q is the charge. The force law (2.11), when
it is integrated over a unit volume conductor, becomes
F = ρeE+J ×B (force law per unit volume). (2.12)
In MHD, where good electrical conductors are considered, these equations can be
simplified considerably. Firstly, the charge density ρe is infinitesimally small and it
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does not play any role. Therefore, we can simply drop Gauss’s law (2.5). The charge
conservation equation (2.10) can simplify to ∇ ·J = 0 and the force law (2.12) can
also simply to Lorentz force F = J×B. Secondly, the displacement currents are also
negligible by comparison with the current density J . Therefore, the second term on
the right of (2.8) can be omitted. In summary, we get the reduced form of Maxwell’s
equations of electromagnetism:
∇×B = µ0J (Ampe`re’s law ), (2.13)
∇ ·J = 0 (charge conservation), (2.14)
∇×E =−∂B
∂ t
, (Faraday’s law in differential form), (2.15)
∇ ·B = 0 (Solenoidal nature of B) (2.16)
in addition with
J = σ(E+u×B), (Ohm’s Law), (2.17)
F = J ×B (Lorentz force per unit volume). (2.18)
Note that the Gauss’s law is omitted, and the divergence of E is determined from
equation (2.17).
To these, we must the Navier-Stokes equation in which F = J ×B appears as a
body force per volume to get the governing equations of incompressible MHD.
2.2.2 The quasistatic approximation
If we combine the Ampe`re’s law (2.13), the Faraday’s law (2.15) and the Ohm’s
law (2.17), we obtain an expression relating B to u:
∂B
∂ t
=−∇×E =−∇×
(
J
σ
−u×B
)
=∇×
(
u×B− 1
µ0σ
∇×B
)
. (2.19)
Noting that ∇×∇×B = −∇2B (since B is solenoidal), we obtain the temporal
evolution equation for B:
∂B
∂ t
=∇× (u×B)+η∇2B, (2.20)
which is also called induction equation or advection-diffusion equation for B. Here,
η = (µ0σ)−1 is the magnetic diffusivity.
It is useful to transform the induction equation into a dimensionless form by intro-
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ducing dimensionless quantities scaled by L, U and L/U , which are the characteristic
length, velocity and time of the fluid flow. The scale of the magnetic field isB0, which
is typical of the imposed magnetic field in absence of fluid flow. The dimensionless
form of the induction equation then becomes
∂B
∂ t
=∇× (u×B)+ 1
Rm
∇2B, (2.21)
where u, B,∇ and t are dimensionless variables and
Rm =UL/η = µ0σUL (2.22)
is the magnetic Reynolds number, which represents the ratio of advection to diffusion
in the magnetic field. The magnetic Reynolds number also related the magnetic Prandtl
number
Pm = ν/η (2.23)
as Rm = RePm. Here, Re is the hydrodynamic Reynolds number Re =UL/ν .
According to (2.21), if the magnetic Reynolds number Rm  1, the magnetic in-
duction field will be dominated by diffusion and as a consequence the influence of fluid
motion on the magnetic field distribution is small and negligible. In the limiting case
of Rm→ 0, it is possible to obtain a simplified governing model which is approximate
to the first order and get rid of the induced magnetic field. This is commonly known as
the low-Rm or the quasistatic approximation in MHD.
As we already discussed before in chapter 1, the approximation is valid in most
technological applications. And it is actuality also the operating point of laboratory
experiments, where η ∼ 1m2/s, L ∼ 0.1m and the internal friction keeps U to a level
of around 0.01m/s−1m/s, which gives Rm ∼ 0.001−0.1.
The simplifications which result for the full MHD governing equations in the limit
of low-Rm are given briefly as follows. We consider the situation when a steady mag-
netic field B0 is imposed in the flow domain. The fact that the induced magnetic field
is negligible means that the total magnetic field B remains B0 and does not vary with
time. Then the Faraday’s law (2.15) simplifies to ∇×E = 0, which means the elec-
tric field E is curl-free and can be expressed as the gradient of a scalar electrostatic
potential V as E =−∇V . The Ohm’s law (2.17) therefore becomes
J = σ(−∇V +u×B0), (2.24)
13
2. Theoretical foundations
The Lorentz force per unit volume (2.18), which appears as body force in Navier-Stokes
equation, becomes
F = J ×B0. (2.25)
Moreover, since∇ ·J = 0, the electrostatic potential V can be solved by the Poisson’s
equation
∇2V =∇ · (u×B0), (2.26)
with some suitable boundary conditions, which are given later in the text.
2.2.3 MHD effects in low-Rm flow
Influence of an imposed magnetic field on a liquid metal flow have been studied ex-
tensively (see, e.g., [Boeck et al., 2008; Branover, 1978; Bu¨hler et al., 2017; Davidson,
2016; Krasnov et al., 2017, 2013, 2012; Molokov et al., 2007; Moreau, 1990; Pothe´rat
& Klein, 2017; Thess & Zikanov, 2007; Zikanov et al., 2014a]). Although there is
still a wealth of phenomena not fully understood, the main MHD effects in low-Rem
flow can be summarized as follows. Far from walls, the main effect is two-fold. First,
the induction of electric currents produces Joule dissipation σ−1J2, which serves as an
additional mechanism of conversion of kinetic energy of the flow into heat. As a result,
an imposed magnetic field can delay the transition to turbulence in classical hydrody-
namic system. Above the transition limit, intensity of turbulence decreases generally
with the strength of the magnetic field. Secondly, the flow becomes anisotropic. It
can be seen from the Joule dissipation of a Fourier velocity mode uˆ(k, t), which can
be written as σB20ρ
−1 | uˆ |2 cos2α [Alemany et al., 1979; Zikanov & Thess, 1998],
where α is the angle between the imposed magnetic field B0 and the wave number
vector k. This shows that the Joule dissipation increases from zero at k⊥B0 to maxi-
mum k ‖B0. Therefore, the magnetic field tends to eliminate velocity gradients in the
direction of the field lines and elongates flow structures in the same direction. If the
magnetic field is sufficiently strong, the flow becomes axisymmetrically anisotropic or
approaches a two-dimensional state with all variables uniform in the direction of mag-
netic field. Also, since the anisotropy inhibits the energy transfer to small scales, the
quasi-2D flows tend to be dominated by large-scale structures. In the flow with walls,
the MHD flow states and structures are additionally strongly affected by the global
distribution of electric currents and the resulting balance between the Lorentz force,
pressure gradient and viscous shear stress. A good illustration is the flow in a rectan-
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gular duct with transverse magnetic field, which combines the key effects: magnetic
suppression, anisotropy and strong mean shear in the presence of walls. At a strong
magnetic field, the flow develops a flat core and characteristic MHD boundary layers,
namely, the Hartmann boundary layer at the walls perpendicular to the magnetic field,
whose thickness δHa scales as Ha−1 and the Shercliff boundary (side) layer at the walls
parallel to the magnetic field, whose thickness δSh scales as Ha−1/2. The structures are
additionally influenced by the electric conductivity of walls (see, e.g., [Krasnov et al.,
2017, 2012] for a discussion). Moreover, the fact that mean shear is nearly absent in
the core, but strong within the boundary layers implies that these layers play a critical
role in the laminar-turbulent transition in MHD tube-flows. Krasnov et al. [2013] have
revealed that the transition to turbulence, in fact, first occurs near the sidewalls, while
the Hartmann layers and the core flow remain laminar.
2.3 Magnetoconvection
2.3.1 Mathematical model
We consider a flow of liquid metal, which is incompressible, Newtonian, and
electrically conducting, confined in a rectangular geometry with size of Lx×Ly×H,
schematically shown in figure 1.3, with x, y as horizontal and z as vertical directions,
respectively. The flow is driven by a vertical temperature gradient, which is created by
setting the upper wall as a cold wall with a constant temperature Ttop, and the bottom
wall as a hot wall with a constant temperature Tbottom > Ttop. The system is subjected
to a uniform constant magnetic field B0.
After applying the Boussinesq approximation of convection and the quasistatic ap-
proximation of MHD, the system of governing equations can be written as
∇ ·u= 0, (2.27)
∂u
∂ t
+(u ·∇)u=−∇p
ρ0
+ν∇2u+
1
ρ0
(J ×B0)+gβ (T −T0)ez, (2.28)
∂T
∂ t
+(u ·∇)T = κ∇2T, (2.29)
J = σ(−∇V +u×B0), (2.30)
∇2V =∇ · (u×B0). (2.31)
Here, the internal energy sinks, such as Joule dissipation, viscous dissipation and other
sinks due to nuclear radiation or chemical reaction are neglected in the energy equation
(2.29). These internal energy sources or sinks remain small in comparison to the con-
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duction of heat for ordinary liquids (such as water and liquid metal) in the Boussinesq
regime.
To make the equations dimensionless, we use the height of the cell H, the free-fall
velocity Uf =
√
gβ∆T H, the external magnetic field strength B0, and the imposed tem-
perature difference ∆T = Tbottom−Ttop as typical scales for length, velocity, magnetic
field and temperature respectively. The corresponding typical scales for time, pres-
sure, electric potential and electric current density are respectively the free-fall time
Tf = H/U f , ρ0U2f , HU f B0 and σB0U f . The dimensionless governing equations are
then given by:
∇ ·u= 0 , (2.32)
∂u
∂ t
+(u ·∇)u=−∇p+
√
Pr
Ra
[∇2u+Ha2(j×eb)]+Tez , (2.33)
∂T
∂ t
+(u ·∇)T = 1√
RaPr
∇2T , (2.34)
Here, u, p and T are, correspondingly, non-dimensional velocity field, pressure field
and temperature field. eb is the unit vector in the direction of the imposed magnetic
field B0. The non-dimensional electric current density j is given by
j =−∇φ +u×eb, (2.35)
and satisfies the divergence-free constraint ∇ · j = 0. The non-dimentional electric
potential φ is determined from the following Poisson equation
∇2φ = ∇ · (u×eb). (2.36)
The non-dimensional control parameters involved in the system are are the Prandtl
number Pr, the Rayleigh number Ra, the Hartmann number Ha as well as the aspect
ratio Γ, which are defined relatively as
Pr =
ν
κ
, Ra =
gβ∆T H3
νκ
, Ha = B0H
√
σ
ρν
, Γ=
Lx
H
:
Ly
H
: 1. (2.37)
The Hartmann number Ha is additionally related to Chandrasekhar number Q as
Q = Ha2 =
B20H
2σ
ρν
. (2.38)
The boundary conditions at all walls are the no-slip condition for velocity
16
2. Theoretical foundations
u|walls = 0, (2.39)
and the perfect electric insulation for electric potential
∂φ
∂n
∣∣∣∣
walls
= 0. (2.40)
For the temperature, the top and bottom walls are set as isothermal with different con-
stant temperature
T |z=−0.5 = 0.5, T |z=0.5 =−0.5, (2.41)
and the side walls are adiabatic with
∂T
∂n
∣∣∣∣
side walls
= 0. (2.42)
In response to the input parameters Γ, Pr, Ra and Ha, heat and momentum fluxes
are established. The global heat transport is determined by the Nusselt number which
is defined as
Nu = 1+
√
RaPr < uzT >V,t . (2.43)
The global momentum transport is expressed by Reynolds number, which is defined as
Re = urmsRe f =
√
Ra
Pr
urms. (2.44)
Here, urms =
√
< u2i >V,t is the root mean square (r.m.s.) velocity. < ·>V,t stands for
a combined volume and time average.
2.3.2 Boundary layers
Boundary layers in a classic system of Rayleigh-Be´nard convection include the
thermal boundary layer and velocity boundary layer. The mean thermal boundary layer
thickness scales inversely with the Nusselt number Nu and is given by
δT =
H
2Nu
. (2.45)
The mean boundary layer thickness of the velocity field scales with the square root of
the Reynolds number Re, and is given by
δv =
aH√
Re
, (2.46)
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where a is a free parameter that is adjusted to the case of a Prandtl-Blasius-type bound-
ary layer, which is normally set to a = 1/4 following Grossmann & Lohse [2001].
In magnetoconvection, two further boundary layer thickness what relevant for the
MHD problem should be considered. These are the Hartmann layer thickness at walls
perpendicular to the magnetic field which is scaling to the inverse of the Hartmann
number Ha and is given by
δHa =
a1
Ha
, (2.47)
and the Shercliff boundary layer thickness at the walls parallel to the magnetic field
which is scaling to the inverse of the square root of the Hartmann number Ha and is
given by
δSh =
a2√
Ha
, (2.48)
Constants a1 and a2 are of order O(1) and geometry-dependent. For simplicity, we set
a1 = a2 = 1 for the following.
2.3.3 Dimensionless dissipation rates
Here we would like to present the dimensionless dissipation rates that will be used
in this thesis. If we take the dot product of dimensionless u with the dimensionless
Navier-Stokes equation (2.33), we obtain an equation for kinetic energy as
∂
∂ t
(
u2
2
)
=−∇ ·
[(
p+
u2
2
)
u
]
+∇ · (uiτi j)−2
√
Pr
Ra
Si jSi j
+Ha2
√
Pr
Ra
(j×eb) ·u+uzT, (2.49)
where, Si j = (∂ui/∂x j +∂u j/∂xi)/2 is the strain-rate tensor and τi j = 2
√
Pr
RaSi j is the
viscous stress. The working rate of the Lorentz force can be written as
Ha2
√
Pr
Ra
(j×eb) ·u=−Ha2
√
Pr
Ra
(u×eb) ·j =−Ha2
√
Pr
Ra
j 2−∇ · (φj). (2.50)
Gathering all the divergence terms together, the energy equation is rewritten as
∂
∂ t
(
u2
2
)
=∇ · (∗)−2
√
Pr
Ra
Si jSi j−Ha2
√
Pr
Ra
j 2+uzT. (2.51)
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The divergence term vanishes when the equation is integrated over the entire volume
and we obtain
d
dt
∫ u2
2
dV =−
∫
ε dV −
∫
ε j dV +
∫
uzT dV. (2.52)
Here,
ε = 2
√
Pr
Ra
Si jSi j (2.53)
is known as viscous dissipation rate or kinetic energy dissipation rate, and
ε j = Ha2
√
Pr
Ra
j 2 (2.54)
is known as Joule dissipation rate due to Ohmic heating.
The roles of the viscous dissipation rate ε , the Joule dissipation rate ε j and uzT are
clearly shown in equation (2.52) that ε and ε j tend to cause a declination of kinetic
energy, while uzT is the source of potential energy.
In a the system of magnetoconvection, we should also add the thermal dissipation
rate which is defined as
εT (x, t) =
1√
RaPr
(∇T )2 . (2.55)
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Chapter 3
Numerical procedure
3.1 Finite-difference solver
The dimensionless quasistatic magnetoconvection equations introduced in section
2.3.1 are solved by direct numerical simulations (DNS) with our in-house FORTRAN
code. The solver is based on the projection-type finite difference scheme described
as the scheme B in Krasnov et al. [2011] and later extended to flows with thermal
convection [Zikanov et al., 2013], which has demonstrated its capabilities in simula-
tions of incompressible MHD flows at high Reynolds number, Hartmann number and
Rayleigh number (see, e.g., [Krasnov et al., 2013, 2012; Lv & Zikanov, 2014; Zhang
& Zikanov, 2014; Zikanov et al., 2014b]). The scheme is of the second order in space
and time. The spatial discretization is performed on a structured collocated grid. Con-
sistent approximation of differential operator is achieved via the use of velocity and
current fluxes obtained by conservative interpolation to half-integer grid points, which
renders the scheme perfectly conservative in regards of the mass, momentum, electric
charge, and thermal energy while the conservation of kinetic energy is satisfied with
a dissipative error of the third order. The time discretization for the momentum trans-
port equations and the convective terms in the heat transport equation is explicit and
based on the Adams-Bashfort/backward difference formula. The diffusive term in the
heat transport equation is treated implicitly to avoid the time reduction due to the small
value of Prandtl number Pr, which is typical for liquid metals. The entire procedure
of advancing from the time layer n to n+1 includes solving the Poisson equation for
electric potential
∇2φn =∇ · (un×eb), (3.1)
computing the electric current
jn =−∇φn+un×eb, (3.2)
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computing
F n =−(un ·∇)un−∇pn+
√
Pr
Ra
∇2un+
√
Pr
Ra
Ha2(jn×eb)+T nez, (3.3)
computing the intermediate velocity u∗ for the next time layer using
3u∗−4un+un−1
2∆t
= 2F n−F n−1, (3.4)
solving the Poisson equation for pressure
∇2 pn+1 = 3
2∆t
∇ ·u∗, (3.5)
and adding the pressure correction to the velocity field to secure mass conservation
un+1 = u∗− 2∆t
3
∇pn+1. (3.6)
The boundary condition for pressure at solid walls are obtained by direct projection of
(3.5) on the normal to the wall:
∂ pn+1
∂n
=
3
2∆t
u∗n. (3.7)
The temperature for the next time layer T n+1 is solved by the semi-implicit equation:
3T n+1−4T n+T n−1
2∆t
= 2Gn−Gn−1+ 1√
RaPr
∇2T n+1, (3.8)
where Gn =−∇ · (T nun), with the boundary condition (2.41) and (2.42).
The computational grid is orthogonal and can be clustered in the y, z directions to
achieve better resolution of the thin MHD boundary layers, which becomes particularly
important for MHD flows with strong magnetic fields (high Ha). A non-uniform grid
is generated by applying coordinate transformation. The grid is stretching to the walls
as a hyperbolic tangent distribution
y =
Ly
2
tanh(Ayξy)
tanh(Ay)
, z =
H
2
tanh(Azξz)
tanh(Az)
. (3.9)
Here, −1 ≤ ξy,ξz ≤ 1 is the uniformly distributed coordinate. Ay and Az are the pa-
rameters that account for the strength of clustering.
The Poisson equation for pressure and electric potential, and elliptic equation for
temperature are solved in Fourier space by applying the cosine transform in the x di-
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rection in our geometry. The cosine expansion is a natural choice since it automatically
matches the imposed boundary conditions ∂ f/∂x = 0 for pressure, electric potential
and temperature at x = 0 and x = Lx. The advantage of using the space of eigenfunc-
tions is that full 3D Poisson problem ∆ f = r is transformed into a series of 2D sepa-
rable elliptic PDE problems ∆yz fˆk− k2 fˆ/k = rˆk for coefficients of the Fourier/Cosine
expansion. Here fˆk and rˆk are the Fourier/ Cosine coefficients, ∆yz is the 2D Laplace
operation in (y,z)-cross section and k is the wavenumber in x direction. Each of these
2D problems is discretized by central differences of second order and solved by the
cyclic reduction method, a part of the software package Fishpack. More details of the
solver can be found in Krasnov et al. [2011] and Zikanov et al. [2014b].
For the effective use of the modern massive-parallel computers and clusters the
solver is parallelized with MPI (distributed memory) and Open MP (shared memory)
interfaces. This hybrid approach allows performing simulations at very large compu-
tational resolution (of the order of 109 points), which is a necessary prerequisite for
wall-bounded MHD flows at high Ha and Ra numbers, where small-scale turbulence
and thin boundary layers are typically present.
One modification aimed to improve performance in the case of convection with
very strong vertical magnetic field (high Ha), where the flow is quasisteady as de-
scribed below. The modification concerns the diffusive term
√
Pr
Ra∇2u, which can be
treated either explicitly (as in equation (3.3)) or implicitly. The implicit treatment has
been implemented to tackle flow regimes at high Ha. In these cases, the viscous terms
can become a source of numerical instability, which also imposes severe limitations on
the time step. The implicit treatment of diffusive terms involves three additional ellip-
tic problems to be solved for all three velocity components, therefore, computational
time per integration time step increases. Our benchmarks with the implicit scheme
show that its performance is about two to three times slower than the fully explicit
version. At the same time, for Hartmann numbers Ha > 1000 the time-step can be
up to 10 times higher. As a result, for a certain combination of parameters that is
typically associated with a requirement of strong grid clustering, the computational ef-
ficiency can benefit from the implicit scheme, since the overall speed-up may increase
approximately by factor of 5.
3.2 Grid sensitivity
Two aspects of the grid have been considered. One is the ability to correctly re-
produce the turbulent Rayleigh-Be´nard convection. Another is the accurate resolution
of the Hartmann boundary layers, i.e. the boundary layers at walls perpendicular to
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Ha Nx×Ny×Nz Az ∆t Nu Re NHa
0 128×128×128 1.5 1×10−3 5.77 2740 −
128×128×128 2.0 1×10−3 5.78 2754 −
256×256×256 2.0 5×10−4 5.82 2769 −
300 128×128×128 2.0 1×10−3 2.41 635 3
256×256×256 2.0 5×10−4 2.43 636 6
384×384×384 2.0 2.5×10−4 2.43 636 9
Table 3.1: Grid sensitivity analysis for Rayleigh-Be´nard convection at Pr = 0.025, Ra = 106
in a cubical enclosure (Γ = 1 : 1 : 1) without magnetic field Ha = 0 and with a vertical mag-
netic field Ha = 300. We show the number of grid points in three direction and grid points
clustering coefficient Az in z direction. The grid is uniform in horizontal x,y direction. We
check the global Nusselt number Nu, the Reynolds number Re and the number of grid points
within Hartmann boundary layers, which is calculated approximately as Ha−1. ∆t is the time
integration step.
the imposed magnetic field with thicknesses scaling as Ha−1. Grid sensitivity study
has been conducted considering Rayleigh-Be´nard convection in a cubical enclosure at
Pr = 0.025 and Ra = 106 without magnetic field, Ha = 0, and with a vertical mag-
netic field, Ha = 300, respectively. The results are summarized in table 3.1. We
compare the global heat and momentum transfer, expressed by global Nusselt num-
ber Nu and Reynolds number Re respectively. It is shown that the global Nu and
Re are relatively insensitive to the grid resolution. The resolution 128× 128× 128
with Az = 2.0 is already quite reasonable to calculate pure Rayleigh-Be´nard convec-
tion denoted by Ha = 0 for Ra = 106, Pr = 0.025. For Rayleigh-Be´nard convection
with vertical magnetic field at Ha = 300, even the values computed on the crudest
grid with 1283 points differ from the values on the grid with 3483 points by less than
1%. The difference between the values obtained on the grids with 2563 and 3843 de-
creases below 0.2%. We confirm that the resolution 256×256×256 with Az = 2.0 is
fairly reasonable to calculate magnetic Rayleigh-Be´nard convection at Ha≤ 300. This
resolution has 6 points within the Hartmann layer at Ha= 300, which is calculated ap-
proximately as Ha−1. The maximum and minimum grid steps in vertical direction are
∆zmax ≈ 0.008, ∆zmin ≈ 0.0006. And the grid steps are uniform in horizontal direction
with ∆x = ∆y≈ 0.004. The time integration step is ∆t = 5×10−4. At higher Ha, finer
resolutions request. For all the DNS in this thesis, we keep at least 6 grid points within
the Hartmann boundary layers. One should also notice that the grid points should not
be stretched to the wall too much. Otherwise, the computational grid will be too coarse
in the bulk to resolve the Rayleigh-Be´nard convection system properly, according to
the resolution criteria of Gro¨tzbach [1983] for DNS of Rayleigh-Be´nard which is re-
fined by Scheel et al. [2013].
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Ra Nx×Ny×Nz Az NuHa=0 ReHa=0 NuHa=100 ReHa=100
105 128×128×128 2.0 3.10 1021 1.64 274
5×105 128×128×128 2.0 4.86 2120 3.39 866
106 256×256×256 2.0 5.82 2730 4.43 1402
2×106 256×256×256 2.0 7.00 3632 5.79 2160
Table 3.2: Parameters for verification. The Prandtl number is fixed to Pr = 0.025, the aspect
ratio to Γ= 1 : 1 : 1. The Rayleigh number Ra, the grid resolution with clustering coefficient Az
in z direction, the Nusselt number without magnetic field NuHa=0 and with vertical magnetic
field NuHa=100, the Reynolds number without magnetic field ReHa=0 and with vertical magnetic
field ReHa=100 are given.
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Figure 3.1: Left: Nu vs Ra with (×) and without (+) vertical magnetic field. The solid line
presents the Ra0.27 scaling and the dashed line presents the Ra0.43 scaling. Right: Re vs Ra
with (×) and without (+) vertical magnetic field. The solid line presents the Ra0.44 scaling and
the dashed line presents the Ra0.66 scaling.
3.3 Verification
A preliminary verification of the numerical model has been conducted by gener-
ating the scaling law between the Nusselt number Nu and the Rayleigh number Ra in
Rayleigh-Be´nard convection in the absence of magnetic field and in the presence of a
vertical magnetic field in a cubical enclosure. We consider a range of Ra from 105 to
2× 106 at Pr = 0.025 without magnetic field (Ha = 0) and with a vertical magnetic
field of Ha = 100. Parameters are summarized in table 3.2. As shown in figure 3.1,
in the absence of magnetic field, we find a Nu versus Ra with a scaling law Nu =
(0.14±0.01)Ra0.27. The results agree very well with experiments by Rossby [1969],
Cioni et al. [1997] and Takeshita et al. [1996] within uncertainty. The dependence of
Reynolds number Re on Rayleigh number Ra follows Re= (6.25±0.09)Ra0.44, which
also agrees within uncertainty with the experimental results by Takeshita et al. [1996],
where they found Re = 6.24Ra0.46±0.02. With a vertical magnetic field, we find the Nu
versus Ra with a scaling law Nu = 0.01Ra0.43, which agrees very well to the regime II
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in Cioni et al. [2000], shown as Nu= 0.1Ra0.43Q−0.25. Here, Q=Ha2. This concludes
the verification of the numerical procedure adopted to model the Rayleigh-Be´nard con-
vection with and without magnetic field. In addition, with a vertical magnetic field, the
Re versus Ra with a scaling law Re = (0.15±0.04)Ra0.66±0.02.
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Chapter 4
Rayleigh-Be´nard convection under
effects of a horizontal magnetic field
4.1 Introduction and problem setup
This chapter presents the numerical study of turbulent Rayleigh-Be´nard convec-
tion in liquid metal under effects of an externally applied horizontal magnetic field. As
mentioned in chapter 1, it is known that a sufficiently strong horizontal magnetic field
tends to organize the convective motion into a flow pattern of quasi-two-dimensional
rolls aligned with the magnetic field and the wave number of the convection rolls has
a tendency to decrease with increasing of the Rayleigh number and to increase with
increasing strength of the magnetic field [Burr & Mu¨ller, 2002; Tasaka et al., 2016].
Particularly, Yanagisawa et al. [2013] and Tasaka et al. [2016] studied convection pat-
tern in liquid gallium under an imposed horizontal magnetic field experimentally and
established a regime diagram of convection patterns in relation to the values of Ra
and Ha2 for a square vessel with aspect ratio 5 : 5 : 1. The most remarkable one is the
regime of spontaneous flow reversals characterized by reversals of the flow direction in
the roll structure under an intermittent horizontal magnetic field. The relation between
the roll size under magnetic field and the geometry vessel is an important constraint on
the flow behavior, suggesting that the locations of the regime boundaries may depend
on the aspect ratio of the vessel. Consideration of the other geometries and aspect ra-
tios will give a deeper understanding of the spontaneous, repetitive transition of large
scale convection structures.
Here we present DNS results of convection in liquid metal in two different geo-
metries either a box with a square horizontal cross section and an aspect ratio of
Γ = 4 : 4 : 1 or a box with a long rectangular horizontal cross section and an aspect
ratio of Γ = 1 : 4 : 1. The magnetic field B0 is homogeneously imposed in y direction
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Run Ra Ha Γ Nx×Ny×Nz Grid factor
(Ay = Az)
series 1 106 0,50,100 4 : 4 : 1 512×512×128 2.0
150,200,300
series 2 106 0,50,100 1 : 4 : 1 128×512×128 2.0
150,200,300
Table 4.1: Parameters of the simulations on turbulent Rayleigh-Be´nard convection in liquid
metal under effects of an externally applied horizontal magnetic field in y direction. The Prandtl
number is fixed to Pr = 0.025. Ay and Az are the grid stretching coefficients defined in (3.9).
in both geometry. Input parameters are summarized in table 4.1. The Prandtl number is
fixed to Pr = 0.025 and the Rayleigh number is fixed to Ra= 106. With the chosen Ra
and Pr, the flow is already turbulent in the absence of magnetic field. The Hartmann
number is varying from 0 to 300. For each case, the fully developed Rayleigh-Be´nard
convection at zero magnetic field is used as initial state. The grid resolution is summa-
rized in table 4.1 as well. The grid is uniform in x direction, and stretching in vertical
z direction and in horizontal y direction based on the equation (3.9). Referring to the
grid sensitivity study of Rayleigh-Be´nard convection under a vertical magnetic field,
the resolution is already reasonable to calculate general pattern and global transport
for the chosen Ra and Pr even for the highest Hartmann number of Ha = 300.
4.2 Results in a square box with aspect ratio Γ= 4 : 4 : 1
In this section, we show the DNS results of the impact of a horizontal magnetic
field on liquid metal convection flow in a closed box with a square horizontal cross
section and an aspect ratio of Γ = 4 : 4 : 1. The parameters used in this section are
summarized in table 4.1 as series 1. The Prandtl number is fixed to Pr = 0.025 and
the Rayleigh number is fixed to Ra = 106. The magnetic field B0 is homogeneously
imposed in y direction with the Hartmann number varying from 0 to 300. A part of the
results have been published in [Liu et al., 2016].
Figure 4.1 displays snapshots of convection pattern at six different strengths of
horizontal magnetic field by the contours of vertical velocity field uz on middle hori-
zontal cross section (z = 0). The regions with the largest vertical velocity magnitude
|uz| can be considered as the boundaries of convective circulations. Blue indicates
downwards flow and red means upwards flow. It is shown that the external horizontal
magnetic field tends to organize the flow motion as roll-like structures aligned with the
magnetic field as expected. With the chosen Pr = 0.025, Ra = 106 and Γ = 4 : 4 : 1,
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Figure 4.1: Convection pattern under effects of a horizontal magnetic field in y direction for six
Ha values with Pr = 0.025, Ra = 106 and Γ= 4 : 4 : 1. Horizontal cross sections at mid-plane
(z = 0) of instantaneous vertical velocity field uz at t = 400Tf are shown. Blue indicates down-
wards flow and red indicates upwards flow. The center of the blue and red contour indicates
the boundaries of convection circulations.
the dominant number of rolls is four for Ha ≥ 150, indicating that the aspect ratio of
one roll is ∼ 1. With the highest Hartmann number of Ha = 300, this four-roll-like
structure is quasisteady, while with relatively low magnetic field (Ha = 150,200) the
structure is fluctuating with time. Next, we will give a detail report of the behavior of
the convection under different strengths of horizontal magnetic fields.
4.2.1 Time dependent patterns
In this subsection, we presents time dependent results of convection under different
strengths of magnetic fields. We will show the time-space maps of convection pattern,
and the corresponding time evolution of the momentum and heat transport. The time
evolution of the momentum transport is described by the time-dependent r.m.s. veloc-
ity
urms(t) =
√
< u2x +u2y +u2z >V , (4.1)
and its three components in different directions, which are defined relatively as
ux(t) =
√
< u2x >V , uy(t) =
√
< u2y >V , uz(t) =
√
< u2z >V . (4.2)
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Figure 4.2: Time-dependent results for Ha = 0, Ra = 106 and Γ = 4 : 4 : 1. (a) Time-space
maps of vertical velocity uz along y = 2 at horizontal mid-plane (z = 0) denoted by the dashed
line in panel (f) of figure 4.1. (b) Time various of r.m.s. velocity and its three components (Eq.
4.1 and 4.2). (c) Time various of the Nusselt number (Eq. 4.3).
The time evolution of heat transport is quantified by the the time-dependent Nusselt
number
Nu(t) = 1+
√
RaPr < uzT >V . (4.3)
Figure 4.2 summarizes the time dependent results for Ha = 0 at Pr = 0.025, Ra =
106. Panel (a) shows the the time-space maps of vertical velocity uz along y = 2 at
horizontal mid-plane (z = 0) denoted by the dashed line in panel (f) of figure 4.1.
There are no roll-like structures, but typical large-scale circulations as shown in figure
4.1(a). Panel 4.2(b) displays the time series of r.m.s. velocity. The magnitude of the
velocity components in all the three directions are similar which indicates an isotropic
convection. Panel (c) shows the time variations of the Nusselt number Nu, and its
time-averaged value over 400 free-fall time units is about 4.98.
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Figure 4.3: Similar figure to 4.2 but for Ha = 50, Ra = 106 and Γ= 4 : 4 : 1. Ra/Ha2 = 400.
Figure 4.3 displays the time dependent results for Ha= 50 at Pr= 0.025, Ra= 106.
The flow behavior is similar to that without magnetic field as shown in figure 4.2. The
magnitude of the three velocity components in all the directions remains comparable,
indicating that no roll-like structure is established. The time and volume averaged total
r.m.s. velocity is about 0.42 which is about 0.95 times that of Ha = 0. The time and
volume averaged Nusselt number over 400 free-fall time units is about 4.93 which is
slightly smaller than that of Ha= 0. The results indicates that a very low magnetic field
has no obvious influence on the global convection structure but tends to suppress the
small fluctuations which may reduce the heat and momentum transport in the system.
Figure 4.4 summarizes the time dependent results for Ha = 100 at Pr = 0.025,
Ra= 106. The influence of the horizontal magnetic field becomes observable that flow
pattern as shown in panel (a) reveals a three-roll dominated structure and the structure
is highly three dimensional (also see figure 4.1(c)). In the r.m.s velocity profiles (figure
4.4(b)), we observe irregular high-amplitude fluctuations with the highest magnitude
larger than the non-MHD case. The velocity component in y direction which is parallel
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Figure 4.4: Similar figure to 4.2 but for Ha = 100, Ra = 106 and Γ= 4 : 4 : 1. Ra/Ha2 = 100.
to the direction of magnetic field, decreases obviously with its time-averaged value to
the total value being 0.34 approximately. For Ha = 0, the ratio is about 0.54.
Figure 4.5 shows the time dependent results for Ha= 150 at Pr = 0.025, Ra= 106.
A dominated four-roll structure is clearly observed in panel (a) and the flow direction
in the rolls reverses at irregular time intervals. Figure 4.6 displays 3D pattern for three
snapshots at different instants in time denoted by the three vertical dashed lines in
4.5. Time point A (t = 270) denotes a position with one highest urms and C (t = 340)
denotes the position with the next highest urms, while B (t = 303) denotes the position
with the lowest urms in between. As shown in figure 4.6, at point A, the pattern takes a
form of four-roll structure aligned with the imposed magnetic field. This structure has
a high values of urms ∼ 0.68 which is meanly contributed by the flow motion in x and
z directions. The velocity component in y direction, which is parallel to the magnetic
field, is about 0.078, its ratio to the total value uy/urms ≈ 0.11, reflecting the strong
two dimensional property of the convection rolls. At point B, the four-roll structure
evolves to a new structure which is dominated by rolls with larger wavelength. The
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Figure 4.5: Similar figure to 4.2 but for Ha= 150, Ra= 106 and Γ= 4 : 4 : 1. Ra/Ha2 = 44.4.
rolls are broken in the middle and have a low urms of about 0.37, which is about 0.54
times that at A. But the y-component velocity is increased to 0.11, with its ratio to the
total velocity uy/urms ≈ 0.30. At point C, the flow evolves to a new quasi 2D four-roll
structure aligned with the imposed magnetic field with the urms increasing to a new
high value of 0.66 and uy decreasing to a low value of 0.094. However, the rotations
of the rolls are reversed comparing to the structure at A. The profile of the Nusselt
number Nu has similar fluctuation as the urms which means that the quasi 2D four-roll
structure can transport more heat than the structures in between. The Nusselt numbers
Nu at A, B, C in figure 4.5(c) are 6.41, 4.48, 6.28 respectively.
Figure 4.7 presents the time dependent results for Ha = 200 at Pr = 0.025, Ra =
106. Similar results are observed as for Ha = 150 that the convection is dominated by
a four-roll structure aligned with the imposed magnetic field with the flow direction in
the rolls reversing spontaneously, which causes the high-amplitude and low-frequency
fluctuation in the velocity profile as well as in the heat transport profile. The total r.m.s
velocity urms has a high value when a quasi 2D four-roll structure is established and
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Figure 4.6: 3D structures of convection flow for Ha = 150, Ra = 106 and Γ = 4 : 4 : 1. Three
snapshots are shown for three different instants in time denoted by the three vertical dashed
lines in figure 4.5. Left column shows two isosurfaces of temperature field (T =±0.25). Right
column shows streamlines of 3D velocity field together with the horizontal distribution of ver-
tical velocity uz at mid-plane (z = 0) with red for upwards motion and blue for downwards
motion.
has a low value in between as well as the Nusselt number Nu, while the y-component
velocity, which is parallel to the magnetic field, has a small value in a four-roll like
structure and a higher value in between. Similar to the analysis for Ha = 150, we
mark three time points in figure 4.7 by three vertical dashed lines that A denotes the
position with the first highest urms during one reversal procedure, B the position with
the lowest urms and C the position with the next new highest urms. The urms at A, B, C
in figure 4.7(b) are 0.70, 0.33, 0.70 respectively, the uy/urms are 0.09, 0.24, 0.09 and
the Nu in figure 4.7(c) are 6.57, 4.35, 6.56 respectively. The whole procedure from A
(t = 223) to C (t = 400) lasts for 177 free-fall time unit, which is about 2.5 times that
for Ha = 150. And for Ha = 150, the period of the four-roll structure breaking (A to
B) is comparable to the four-roll structure resetting (B to C) with tAB/tBC ≈ 0.9. While
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Figure 4.7: Similar figure to 4.2 but for Ha = 200, Ra = 106 and Γ= 4 : 4 : 1. Ra/Ha2 = 25.
for Ha= 200, the breaking procedure is much slower than the resetting procedure with
tAB/tBC ≈ 3.1.
Figure 4.8 displays the results for Ha= 300 at Pr= 0.025, Ra= 106. A quasisteady
and quasi 2D four-roll structure is established without reversals. This structure carries
a high r.m.s. velocity of urms ∼ 0.70, which is about 3.6 times that for Ha = 0. The
uy/urms are 0.06 which is 0.1 times that for Ha= 0. The Nusselt number is Nu= 6.57,
about 1.32 times that for Ha = 0.
Similar to Yanagisawa et al. [2013] and Tasaka et al. [2016], we identified dif-
ferent convection pattern regimes which are in relation to the Rayleigh number Ra
and the Hartmann number Ha. At low magnetic field (Ha = 0, 50), the flow regime
is developed turbulence with fluctuating large-scale pattern without rolls. At strong
magnetic field (Ha = 300), the flow regime is quasisteady 2D rolls pattern parallel to
the magnetic field. In between, we observe weakly constrained rolls with fluctuations
(Ha = 100) and the remarkable spontaneous flow reversals which is less regular at
Ha = 150 and more regular at Ha = 200. Next, we will give a detailed investigation
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Figure 4.8: Similar figure to 4.2 but for Ha= 300, Ra= 106 and Γ= 4 : 4 : 1. Ra/Ha2 = 11.1.
of flow reversals regimes in our geometry of Γ= 4 : 4 : 1 by considering the two cases
with Ha= 150 and Ha= 200 at Pr = 0.025, Ra= 106 to show a deeper understanding
of the spontaneous, repetitive flow reversals.
4.2.2 Flow reversals
In this subsection, we present detailed 3D process of one flow reversal procedure
and analyze how the kinetic energy Ek and dissipation rates evolve when the reversals
proceed. The kinetic energy is defined as
Ek(t) =
1
2
< u2x +u
2
y +u
2
z >V . (4.4)
The viscous dissipation rate ε , the Joule dissipation rate ε j and the thermal dissipation
rate εT have been defined in equations (2.53), (2.54) and (2.55) respectively. In this
section, these values are averaged throughout the volume of the vessel.
Figure 4.9 shows the results for Ha = 150, Ra = 106 and Γ = 4 : 4 : 1. In panel
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Figure 4.9: Results for Ha = 150, Ra = 106 and Γ= 4 : 4 : 1. (a) Time-space maps of vertical
velocity same as to the figure 4.5(a). (b) Time various of kinetic energy. We show ui = 2Ek
and its three components. y-component energy u2y is zoomed in (b1). (c) Time various of the
volume averaged thermal dissipation rate εT , heat transport uzT and viscous dissipation rate ε
in addition to the Joule dissipation rate ε j.
(a), we recall the spatio-temporal velocity map as shown in figure 4.5(a). The corre-
sponding time evolution of volume averaged energy is shown in figure 4.9(b), where
we show u2i = 2Ek. Its three components in different directions are shown as well in
figure 4.9(b) with y–component energy u2y zoomed in (b1). Figure 4.9(c) displays the
time various of the volume averaged dissipation rates, including thermal dissipation
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Figure 4.10: Enlarged time series of figure 4.9 with the time points used in figure 4.11 denoted
by the vertical dashed lines.
rate < εT >V , the viscous dissipation rate < ε >V in addition to the Joule dissipation
rate < ε j >V . Besides, we will discuss the dissipation role of < ε >V +< ε j >V com-
paring to the source of potential energy < uzT >V (see equation (2.52)). During the
following discussion in this chapter, we omit < ·>V .
The detailed flow reorganization progress during one reversal procedure from A
to C is presented in figure 4.10 and 4.11. Six representative time points denoted by
the vertical dashed lines in figure 4.10 will be used in the analysis. The dashed lines
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denoted by A, B, C are the same as in figure 4.5, which denote the positions of the
first highest total energy (r.m.s. velocity), the lowest total energy (r.m.s. velocity)
and the next new highest total energy (r.m.s. velocity) during one reversal procedure
respectively. Apart from A, B, C, the other three instants of time denoted by A′, B′,
C′ are also presented. A′ is the position with the first highest y–component energy
u2y , C
′ the second highest u2y and B′ the lowest u2y in between. Figure 4.11 displays
3D convection pattern for the six different instants. Patterns at time points A, B, C
have been presented in figure 4.6. They are included here as well to show a complete
reversal procedure.
At point A (t = 270), the pattern shows a quasi 2D four-roll structure aligned with
the imposed magnetic field B0. This structure has high values of total energy u2i which
is mainly contributed by the flow motion in x and z directions and has a low value of
y–component energy u2y . The results are in a line with the former discuss on the r.m.s.
velocity profiles. For the convenience of discussion, we number the rolls as 1, 2, 3,
4 as shown in figure 4.11. And the rotation directions of rolls from left to right are
clockwise, counterclockwise, clockwise, counterclockwise respectively.
From A to A′ , the shape and size of the rolls are changing with the back (frontal)
half of the rolls No.1 and 2 expanding (shrinking) while No.3 and 4 shrinking (expand-
ing). A new roll appears at left of the back half of the roll No.1, but we do not observe
a new roll at the opposite corner. The procedure indicates an occurrence of a global
horizontal circulation which bends the aligned rolls and has a style of skewed-varicose
instability. During this procedure, u2y is increasing and reaches a maximum at A
′ so
as the Joule dissipation rate ε j. Although the viscous dissipation rate ε is decreasing,
ε+ε j is increasing which is larger than the source of the potential energy uzT , resulting
a decrease of total energy u2i .
From A′ to B, with the rolls bending further and the new roll growing further, the
back half of the roll No.4 as well as the frontal half of the roll No.1 disappear, and the
rolls No.2 and No.3 are disconnected in the middle. The original four-roll structure is
broken at point B as shown in figure 4.11. During A′ to B, u2y reduces as well as the
Joule dissipation ε j, but ε + ε j is still larger than uzT , therefore, u2i reduces further.
At time point B, where ε + ε j decreases crossing uzT , the total energy u2i reaches its
lowest value of one reversal procedure, which is about 0.3 times that at time A.
From B to C′, the back half of the roll No.1 tends to connect with the frontal half of
the roll No. 3 and the roll No.2 tends to connect with the roll No.4. In the mean time,
the back half of the roll No.3 tends to grow along the right sidewall and the new roll
tends to connect to the frontal half of the third roll. In between, u2y reaches a lowest
value at B′, where the structure performs an aligned roll structure. Here, ε + ε j also
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reaches a lowest value. Since ε+ ε j is smaller than uzT , the energy u2i is increasing.
At point C′, a new four-roll structure is observed and this structure evolves to a
quasi 2D four roll structure at time point C with the energy increases to a new high
value, where ε + ε j increases crossing uzT . However, the rotation directions of rolls
in the new quasi 2D structure are counterclockwise, clockwise, counterclockwise and
clockwise form left to right respectively, which are reversed comparing to the former
ones at A.
Figures 4.12, 4.13 and 4.14 present reversal procedures for Ha = 200 with Pr =
0.025, Ra= 106. Similar analysis are presented here as for Ha= 150. The total energy
u2i has a high value when a quasi 2D four-roll structure establishes and has a low value
in between as well as the uzT , εT and ε . While the Joule dissipation rate ε j has a small
value in a four-roll like structure and a higher value in between. One also sees that the
highest value of energy u2i is established when ε + ε j increases crossing uzT and the
lowest value of u2i is established when ε+ ε j decreases crossing uzT .
Six representative time points, denoted by the vertical dashed lines in figure 4.13,
are also used to analyze the detailed 3D process of one flow reversal procedure from A
to C. The dashed lines A, B, C denote the positions of the first highest total energy, the
lowest total energy and the next new highest total energy during one reversal procedure
respectively, while A′, B′, C′ denote the position with the first highest y–component
energy u2y , the lowest u
2
y and the second highest u
2
y in between respectively.
Similar reversal procedure can be identified as to the case for Ha = 150 as shown
in figure 4.13 and 4.14. From A to A′, the back half of the rolls are moving left while
the frontal half of the rolls moving right as a result of the skewed-varicose instability
with a global horizontal circulation. From A′ to B, the original four-roll structure is
broken with the back half of roll No.4 and frontal half of roll No. 1 disappearing.
From B to B′, the back half of roll No.1 (No.2) is connecting to the frontal half of roll
No.3 (No.4). Two aligned rolls with larger aspect ratio emerge at B′ accompanying
with the residual structure of the back half of roll No.3 and the frontal half of roll No.2
at corners. From B′ to C′, the rolls at corners grow along the sidewalls to generate a
new four-roll structure. This structure further evolves to a quasi 2D four-roll structure
at time point C, with the rotation of each rolls being opposite that at A.
Different to the case with Ha = 150, the reversals occur at very regular intervals
with a certain time period of ∼ 180 free-fall time units, which is significantly longer
than the case of Ha = 150. This is because the four-roll structure is more stable at a
higher magnetic field and the growth rate of the skewed-varicose instability is much
slower. The bending procedure from A(t = 223) to A′(t = 350) lasts for 127 free-
fall time units at Ha = 200, which is about 4.5 times that of Ha = 150. And we
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do not observe a new roll structure generated at any corner during the whole reversal
procedure. The period from A′ to C′ is comparable for the two cases, which lasts about
20 time units, indicating that the breaking and reconnecting during the reversal is very
fast. For Ha = 200, tA′C′/tAC ≈ 0.12.
We have presented the reversal process in detail by the visualization of the 3D struc-
tures during one circle. The occurrence of the horizontal circulation plays an important
role to driven the reversals. Next we present more information about the horizontal
circulation during different reversal procedures. Figure 4.15 shows the spatiotemporal
distributions of vertical velocity at horizontal mid-plane (z = 0) along y = 3.5 in (a)
and along y= 0.5 in (b). We detect 6 reversal cycles during the entire run at Ha= 150,
Ra = 106. We observe similar procedure as shown in figure 4.11 for each reversal
cycle. Particularly, the creation of a new roll in one corner and the skewed-varicose
instability with global horizontal circulation are observed during each reversal proce-
dure. The directions of the global horizontal circulation are reflected by the time-space
velocity maps at two positions. Except the first reversal cycle, the directions of the
horizontal circulation during the other five cycles are the same, which are clockwise as
shown in figure 4.15(c). Figure 4.16 shows the results for Ha = 200. In this case, we
detect 3 reversal cycles during the entire run. Similar reversal procedures are observed
as shown in figure 4.14. However, the directions of the horizontal circulation are re-
versed during two consecutive reversal cycles. As shown in 4.16(c), during the first
reversal the horizontal circulation is counterclockwise, then it changes to clockwise
during the next reversal and becomes counterclockwise again during the third one.
4.2.3 Integral characteristics
The global transport of heat and momentum is summarized in table 4.2 as the in-
tegral Nusselt number Nu and the Reynolds number Re. The horizontal magnetic field
strengthens the heat as well as the momentum transport in the system by reorganizing
the flow structures as roll like structure aligned with the magnetic field. Since the quasi
2D roll like structure ensures a direct heat transfer between bottom and top walls, the
uniform bulk central region of the convection is extended and the thermal boundary
layers are thinner as the magnetic field increasing.
4.2.4 Summary and discussion
We have studied three-dimensional turbulent magnetoconvection in a closed box
with a square horizontal cross section and an aspect ratio of Γ = 4 : 4 : 1 under in-
fluence of an external horizontal magnetic field. We identified different convection
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Ha Ra/Ha2 Nu (NuA, NuB) Re (ReA, ReB) δT δHa (1/Ha) Runtime
0 ∞ 4.98 2793 0.101 0.011 400
50 400 4.94 2626 0.101 0.011 (0.02) 400
100 100 5.06 2753 0.099 0.009 (0.01) 400
150 44.4 5.75 (6.41, 4.48) 3614 (2917, 835) 0.087 0.007 (0.007) 400
200 25 5.93 (6.57, 4.35) 3806 (3126, 700) 0.084 0.006 (0.005) 400
300 11.1 6.57 4394 0.076 0.004 (0.003) 350
Table 4.2: Integral characteristics of convection under influence of a horizontal magnetic field
in a square box with aspect ratio Γ = 4 : 4 : 1. The Prandtl number is fixed to Pr = 0.025,
the Rayleigh number to Ra = 106. The Hartmann number Ha, the ratio Ra/Ha2, the Nusselt
number Nu, the Reynolds number Re are given. For the two cases with flow reversals, we also
given two instantaneous values denoted by A and B in figure 4.5 and 4.7. We also list thermal
boundary layer thickness at top and bottom walls and the viscous boundary layer thickness by
a slop method at Hartmann walls. The thickness calculated by 1/Ha is shown in parenthesis.
Finally, the total runtime used for the integral is given in free fall time units, Tf = H/Uf.
pattern regimes for different strengths of the magnetic field. At low magnetic field,
the flow regime is developed turbulence with fluctuating large-scale pattern without
rolls. At sufficient strong magnetic field, the flow regime is quasisteady 2D four-roll
pattern parallel to the magnetic field. In between, we observe another two regimes–
weakly constrained rolls with fluctuations and spontaneous flow reversals. Similar
results have been reported by Yanagisawa et al. [2013] and Tasaka et al. [2016], which
studied convection pattern in liquid gallium under an imposed horizontal magnetic
field experimentally in a square vessel with aspect ratio 5 : 5 : 1. Our present simula-
tions reproduce the results in a square vessel with aspect ratio 4 : 4 : 1 by considering
a Rayleigh number up to 106 and Hartmann number Ha up to Ha = 300.
The most remarkable regime that of flow reversals in which four rolls periodically
change the direction of their circulation has been analyzed in detail. Similar to Yanag-
isawa et al. [2013, 2015] and Tasaka et al. [2016], the key regime of the flow reversals
is the interaction of between the aligned convection rolls and global horizontal circula-
tion caused by the skewed-varicose instability. The process can be generally described
as bending (expanding and shrinking of the rolls), breakdown and reconnecting of the
convection rolls. However, the detailed procedure may be different for the cases with
different strength of magnetic field. For the specific DNS run with Ha = 150, we ob-
served a creation of new roll structure at one corner, while for the run with Ha = 200,
no new roll structure is observed. The direction of horizontal circulation which drives
the bending of the aligned rolls is unchanged for the case with Ha = 150, while that
for Ha = 200 reverses during two consecutive reversal cycles.
The regime shows an interesting similarity to the large-scale temporal intermittency
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in the channel flow with spanwise magnetic field which is found at intermediate values
of Ha [Boeck et al., 2008]. In both cases, the flow experiences long periods of nearly
steady laminar behavior interrupted by short turbulent bursts. The magnetic field is not
strong enough to suppress three-dimensional secondary instabilities and transition to
turbulence. However the magnetic field is sufficient to suppress turbulence after just a
short burst and return the flow back to nearly laminar base state. The Joule dissipation
rate has a low value in laminar state and the the growth of secondary instability can
resume. The result is the flow evolution in apparently endless and nearly identical
cycles, each consisting of growth of instability, turbulent burst and return to the quasi
laminar state.
Increase of Ha within the range of reversal existence reduces the strength of turbu-
lent burst and prolongs the reversal circle, primarily via extending the stability grow-
ing stage. When the magnetic field is strong enough, it prevents the development
of the secondary skewed-varicose instability and the flow shows a quasisteady 2D
four-roll structure aligned with the magnetic field. The aspect ratio per roll is about
Lx : Ly : H = 1 : 4 : 1.
The quasi 2D roll like structure ensures a direct heat transfer between bottom and
top walls, extending the uniform bulk central region of the convection and thinning
the thermal boundary layers, causing an increase of heat transfer coefficient. We have
conducted a test run with much higher Hartmann number of Ha = 500 and find that
the global heat and momentum transport decreases. A further increase of the Hartmann
number will turn the Hartmann layer extremely thinner and their appropriate resolution
will make the DNS very demanding. This is however can be done in the future.
4.3 Results in a long rectangular box with aspect ratio
Γ= 1 : 4 : 1
As we discussed in the previous section, a horizontal magnetic field tends to re-
organize the convection flow into roll-like structure aligned with the magnetic field.
The aspect ratio per roll is about Lx : Ly : H = 1 : 4 : 1. In this section, we narrow the
geometry to an aspect ratio of Γ = 1 : 4 : 1 and keep the other input parameters the
same as the former one in a square box that the magnetic field B0 is homogeneously
imposed in y direction which is parallel to the longest side walls, the Prandtl number
is fixed to Pr = 0.025, Rayleigh number to Ra = 106 and the Hartmann number Ha
varies from 0 to 300. The parameters are summarized in table 4.1 as series 2. For each
case, the fully developed Rayleigh-Be´nard convection at zero magnetic field is used as
initial state.
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Figure 4.17 displays the time evolution of energy, ui = 2Ek at different amplitudes
of a horizontal magnetic field and figure 4.18 shows snapshots of the vertical velocity
field on the middle horizontal plane at t = 200Tf . Without magnetic field (Ha = 0),
flow pattern in the long rectangular box shows typical oscillating rolls with axes nor-
mal to the longest side walls of the box [Yanagisawa et al., 2010b]. A low magnetic
field (Ha = 50) has no obvious effect on the four-roll pattern, but decreases the os-
cillation of the rolls. With a sufficiently strong magnetic field (Ha ≥ 100), the flow
pattern is organized to a quasisteady one-roll structure aligned with the magnetic field.
Interestingly, at moderated magnetic field especially for Ha = 150, we observe a long
transition period before the one-roll structure established.
Figure 4.19 summarizes the time-dependent results for Ha = 150, Ra = 106 and
Γ= 1 : 4 : 1 and figure 4.20 shows 3D flow structures at five instants of time denoted by
the vertical lines in figure 4.19. The flow pattern shows a twisted roll structure during
the transition period as shown in the top row of figure 4.20. The structure consists of
two half-vessel-length rolls which have different orientations, i.e. left half roll rotates
clockwise while the right half roll rotates counterclockwise. The two rolls are aligned
with the magnetic field and are quasi 2D except the zone where they connect. We may
call the connection as a ”knot”. The transition structure is set soon after the magnetic
field imposed and then driven slowly by a motion along the magnetic field B0 with the
knot moving from center to one side of the box until a quasi 2D one-roll structure is
settled.
During the transition period of Ha= 150, the flow has an total energy of u2i ≈ 0.15,
which is mostly contributed by the flow motion in x and z direction that u2x ≈ u2z ≈ 0.07
and u2y ≈ 0.007. The results reflect that even the structure is twisted in the middle
but still has a high 2D property. During this period, the viscous dissipation rate ε
is comparable with the Joule dissipation rate ε j, and ε + ε j is comparable with the
potential energy uzT . After the knot arriving at the end of the box (marked by C), the y
direction motion begins to decrease obviously, then the Joule dissipation ε j decreases,
resulting that ε+ε j is smaller than uzT , therefore, the energy increases. At point E (t =
251),where a quasi 2D one-roll structure is settled, the ε + ε j evolves to comparable
with uzT and the energy increases to a high value of 0.34 which is about 2.3 times
higher than the transition state. The Nusselt number during the transition state is about
5.5 which is comparable to that of the final one-roll state. The Reynolds number during
the transition state is about 2779, while for the final one-roll state, it is about 3678
which is 1.3 times higher.
The transition period lasts for about 200Tf at Ha = 150. Similar transition phe-
nomenon is also detected for the case with Ha= 100 and Ha= 200, which lasts about
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100Tf for Ha = 100 and 50Tf for Ha = 200 respectively. The phenomenon is a result
of the competition between buoyancy force and Lorentz force. But it is not clear yet
why the transition period is not monotonously increasing with the magnetic field.
In this section, we have studied magnetoconvection in a closed long rectangular box
with an external horizontal magnetic field parallel to the longest side walls. Different
convection patterns are detected at different strengths of the magnetic field. At low
magnetic field, the flow remains oscillating four-short-roll structure with axes normal
to the longest side walls. For sufficiently strong magnetic field, the flow pattern shows
one-long-roll structure parallel to the longest side walls, i.e. aligned the magnetic field.
Flow reversals are not observed in this configuration. However, at moderate magnetic
field, we observe a long transition period before the one-roll structure established. The
flow pattern during the transition period shows an interesting twist roll structure which
consists two half-vessel-length rolls with different orientations.
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Figure 4.11: Flow evolution during one reversal procedure with Ha = 150, Ra = 106 and
Γ = 4 : 4 : 1. Six snapshots are shown denoted by the six vertical dashed lines in figure 4.10.
Left column shows two isosurfaces of temperature field (T = ±0.25). Right column shows
streamlines of 3D velocity field together with the horizontal distribution of vertical velocity uz
at mid-plane (z = 0) with red for upwards motion and blue for downwards motion.
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Figure 4.12: Results for Ha= 200, Ra= 106 and Γ= 4 : 4 : 1. (a) Time-space maps of vertical
velocity same as to the figure 4.7(a). (b) Time various of kinetic energy. We show u2i = 2Ek
and its three components. y-component energy u2y is zoomed in (b1). (c) Time various of the
volume averaged thermal dissipation rate εT , heat transport uzT and viscous dissipation rate ε
in addition to the Joule dissipation rate ε j.
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Figure 4.13: Enlarged time series of figure 4.12 with the time points used in figure 4.14 denoted
by the vertical dashed lines.
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Figure 4.14: Flow evolution during one reversal procedure with Ha = 200, Ra = 106 and
Γ = 4 : 4 : 1. Six snapshots are shown denoted by the six vertical dashed lines in figure 4.13.
Left column shows two isosurfaces of temperature field (T = ±0.25). Right column shows
streamlines of 3D velocity field together with the horizontal distribution of vertical velocity uz
at mid-plane (z = 0) with red for upwards motion and blue for downwards motion.
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Figure 4.15: Results for Ha = 150, Ra = 106 and Γ = 4 : 4 : 1. Time-space maps of vertical
velocity uz at horizontal mid-plane (z= 0) (a) along y= 3.5 and (b) along y= 0.5. (c) Expected
global horizontal circulations that driven the flow reversals. Snapshots of horizontal cross
sections at mid-plane (z = 0) of instantaneous vertical velocity field at three different time
instants are shown.
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Figure 4.16: Similar figure to 4.15 but for Ha = 200, Ra = 106 and Γ= 4 : 4 : 1. Time-space
maps of vertical velocity uz at horizontal mid-plane (z = 0) (a) along y = 3.5 and (b) along
y = 0.5. (c) Expected global horizontal circulations that driven the flow reversals.
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Figure 4.17: Time variations for kinetic energy (Eq. 4.4). We show 2Ek for six Ha values with
Pr = 0.025, Ra = 106 and Γ= 1 : 4 : 1.
Figure 4.18: Convection pattern under effects of a horizontal magnetic field in y direction for
six Ha values with Pr = 0.025, Ra = 106 and Γ = 1 : 4 : 1. Horizontal cross sections at mid-
plane (z = 0) of instantaneous vertical velocity field uz at t = 200 are shown. Blue indicates
downwards flow and red indicates upwards flow.
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Figure 4.19: Time dependent results for Ha = 150, Ra = 106 and Γ= 1 : 4 : 1. (a) Time-space
maps of vertical velocity uz at horizontal mid-plane (z = 0) along the dashed line in figure
4.18(d). (b) Time various of kinetic energy (Eq. 4.4). We show u2i = 2Ek and its three com-
ponents. y-component energy u2y is zoomed in (b1). (c) Time various of the volume averaged
thermal dissipation rate εT , heat transport uzT and viscous dissipation rate ε in addition to the
Joule dissipation rate ε j.
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Figure 4.20: 3D structures of convection flow for Ha = 150, Ra = 106 and Γ = 1 : 4 : 1. Five
snapshots are shown for different instants in time denoted by the five vertical dashed lines
in figure 4.19. Left column shows two isosurfaces of temperature field (T = ±0.25). Right
column shows streamlines of 3D velocity field with the lines colored by vertical velocity uz.
Red is for upwards motion and blue for downwards motion.
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Chapter 5
Rayleigh-Be´nard convection under
effects of a vertical magnetic field
5.1 Overview and problem setup
This chapter presents the study of turbulent Rayleigh-Be´nard convection in liquid
metal under effects of an externally applied vertical magnetic field. As mentioned
in chapter 1, a sufficiently strong vertical magnetic field will suppress the onset of
Rayleigh-Be´nard convection with the Chandrasekhar linear stability limit reached at
Hac ≈
√
Ra/pi (see equation (1.1)), while laterally confined geometries tend to relax
this constraint with a form of wall-attached convection present for Ha > Hac [Busse,
2008; Houchens et al., 2002]. In this chapter, we show how the convective turbu-
lence structures and the heat and momentum transport are affected when the vertical
magnetic field strength is increased towards and beyond the Chandrasekhar limit by
different series of three-dimensional high-resolution DNS.
Main parameters used in the study are summarized in table 5.1. They comprise:
Series 1: Γ= 1 : 1 : 1, Pr = 0.025, Ra = 106, 0≤ Ha≤ 600. The runs start with a
zero state from very beginning, triggered by a weak random noise.
Series 2: Γ = 1 : 1 : 1, Pr = 0.025, Ra = 106, 0 ≤ Ha ≤ 600. The runs start with
fully developed turbulent state at Ha = 0.
Series 3: Γ = 4 : 4 : 1, Pr = 0.025, Ra = 106, 0 ≤ Ha ≤ 300. The runs start with
fully developed turbulent state at Ha = 0.
Series 4: Γ= 4 : 4 : 1, Pr = 0.025, Ra = 107, 0≤ Ha≤ 2000. The runs start with
fully developed turbulent state at Ha = 0.
We consider turbulent convection in liquid metal at a fixed Prandtl number of Pr =
0.025 in two different closed cells with either a small aspect ratio of Γ = 1 : 1 : 1,
i.e. a cubic cell, or with a large aspect ratio of Γ = 4 : 4 : 1, i.e. a large square cell.
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In the cases with Γ = 1 : 1 : 1, the Rayleigh number is fixed to Ra = 106. With the
chosen Ra and Pr, the flow is already turbulent in the absence of a magnetic field. The
Hartmann numbers are increased from Ha = 0 crossing the Chandrasekhar limit up
to a value of Ha ≈ 2Hac with Hac ≈ 318 for Ra = 106. For each case of Ha 6= 0,
we have performed simulations with two different initial states either a zero state from
very beginning or a fully developed turbulent state at Ha = 0. In the cases with large
aspect ratio, two series of data sets are considered. First, the Rayleigh number is fixed
to Ra = 106 and the Hartmann number is increased from Ha = 0 to Ha = 300 with a
turbulent state at Ha = 0 as initial state. These runs are mainly used to explain some
phenomena which are observed in a small aspect ratio. Second, the main focus of
this work, the Rayleigh number is fixed to Ra = 107, with which the flow is highly
turbulent in the absence of a magnetic field. The Hartmann number is increased up
to Ha = 2000, which is also twice of the Chandrasekhar threshold Hac approximately
with Hac≈ 1007 for Ra= 107. These runs start also from the fully turbulent state in the
absence of magnetic field. The grid resolution used in each simulation with grid points
inside the viscous (equation (2.46)) and Hartmann boundary layers (equation (2.47)) is
listed in table 5.1. We have conducted the numerical simulations in a standard way. All
simulations are computed starting from their initial conditions until the flow reaches a
fully developed state. After that, the flow is computed for a period no shorter than a
certain free fall time units, during which the time-averaged quantities are accumulated.
The total runtime used in the integral analysis for different runs is summarized in table
5.1. The (turbulent) heat transfer measured by the Nusselt number (equation (2.43))
and the (turbulent) momentum transfer quantified by the Reynolds number (equation
(2.44)) are summarized in table 5.1. A detailed report of the heat and momentum
transfer regime as well as the determining mechanisms and features of the flow will be
given in this chapter.
This chapter is organized as follows: section 5.2 presents the main results with a
moderate Rayleigh number of Ra = 106 in a cubic box with Γ = 1 : 1 : 1. Part of the
results have been published in Liu et al. [2015]. In section 5.3, we present the results
with high Rayleigh number of Ra = 107 in a square box with Γ= 4 : 4 : 1. Part of the
results have been published in Liu et al. [2018]. An extension of Grossmann and Lohse
theory to magnetoconvection which is based on our simulation data will be introduced
in section 5.4. The results have been published in Zu¨rner et al. [2016].
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Run Γ Ra Ha Ra/Rac Nx×Ny×Nz Az Nu Re NBL Runtime
series 1: start with a zero state from very beginning, triggered by a weak random noise
1-1 1 : 1 : 1 106 0 ∞ 256×256×256 2.0 5.82 2730 8 100
1-2 1 : 1 : 1 106 50 40.53 256×256×256 2.0 5.50 2184 24 100
1-3 1 : 1 : 1 106 75 18.01 256×256×256 2.0 5.08 1758 19 100
1-4 1 : 1 : 1 106 100 10.13 256×256×256 2.0 4.43 140 15 100
1-5 1 : 1 : 1 106 150 4.50 256×256×256 2.0 3.42 956 11 100
1-6 1 : 1 : 1 106 200 2.53 256×256×256 2.0 3.54 990 8 100
1-7 1 : 1 : 1 106 300 1.13 384×384×384 2.0 2.43 636 9 100
1-8 1 : 1 : 1 106 500 0.41 384×384×384 2.5 1.36 295 10 30
1-9 1 : 1 : 1 106 600 0.28 384×384×384 2.5 1.25 216 9 30
series 2: start from a fully turbulent state of run 2-1 (Ha = 0)
2-1 1 : 1 : 1 106 0 ∞ 256×256×256 2.0 5.82 2730 8 100
2-2 1 : 1 : 1 106 50 40.53 256×256×256 2.0 5.54 2182 24 100
2-3 1 : 1 : 1 106 75 18.01 256×256×256 2.0 5.05 1761 19 100
2-4 1 : 1 : 1 106 100 10.13 256×256×256 2.0 4.43 1399 15 100
2-5 1 : 1 : 1 106 150 4.50 256×256×256 2.0 3.41 955 11 100
2-6 1 : 1 : 1 106 200 2.53 256×256×256 2.0 2.64 723 8 100
2-7 1 : 1 : 1 106 300 1.13 384×384×384 2.0 1.61 399 9 100
2-8 1 : 1 : 1 106 500 0.41 384×384×384 2.5 1.36 293 10 30
2-9 1 : 1 : 1 106 600 0.28 384×384×384 2.5 1.12 160 9 30
series 3: start from a fully turbulent state of run 3-1 (Ha = 0)
3-1 4 : 4 : 1 106 0 ∞ 512×512×256 2.0 5.25 2900 8 80
3-2 4 : 4 : 1 106 100 10.13 512×512×256 2.0 3.90 1282 15 80
3-3 4 : 4 : 1 106 200 2.53 1024×1024×256 2.0 2.32 628 8 80
3-4 4 : 4 : 1 106 300 1.13 1024×1024×256 2.0 1.34 308 6 80
series 4: start from a fully turbulent state of run 4-1 (Ha = 0)
4-1 4 : 4 : 1 107 0 ∞ 2048×2048×512 2.5 9.75 7946 18 31
4-2 4 : 4 : 1 107 200 25.33 2048×2048×512 2.5 7.69 3532 29 31
4-3 4 : 4 : 1 107 500 4.05 2048×2048×512 2.5 4.11 1714 14 31
4-4 4 : 4 : 1 107 1000 1.01 2048×2048×512 2.5 1.41 565 8 31
4-5 4 : 4 : 1 107 1500 0.45 2048×2048×512 2.8 1.28 425 8 31
4-6 4 : 4 : 1 107 2000 0.25 2560×2560×640 2.8 1.15 287 8 31
Table 5.1: Main parameters of the simulations on turbulent Rayleigh-Be´nard convection in
liquid metal under effects of an externally applied vertical magnetic field. The Prandtl number
is fixed to Pr = 0.025. The aspect ratio Γ, the Rayleigh number Ra, the Hartmann number
Ha, the ratio Ra/Rac with Rac ≈ pi2Ha2 (ratios Ra/Rac < 1 imply convection beyond the
Chandrasekhar limit), the grid resolution with stretching coefficient Az in the vertical direction,
the Nusselt number Nu and the Reynolds number Re are given. We also list the number of
horizontal grid planes inside the Hartmann layer with thickness δHa = 1/Ha. In case of Ha =
0, we substitute the Hartmann layer thickness by the viscous boundary layer thickness δv =
1/(4
√
Re). Finally, the total runtime used in the integral analysis is given in free fall time
units, Tf = H/Uf.
57
5. Rayleigh-Be´nard convection with a vertical magnetic field
5.2 Results for small aspect ratio cells with Γ= 1 : 1 : 1
In this section, we show the DNS results of the impact of a vertical magnetic field
on liquid metal convection flow in a closed cubical cell with a small aspect ratio Γ =
1 : 1 : 1. The most important parameters used in this section are summarized in table
5.1 as series 1 and series 2. The Prandtl number is fixed to Pr = 0.025, the Rayleigh
number to Ra = 106 and the Hartmann number is varying from 0 to 600 crossing
the Chandrasekhar limit, where Hac =
√
Ra/pi ≈ 318 for the chosen Ra = 106. In
series 1, the DNS runs start from a zero state from very beginning (t = 0) as shown
in figure 5.1(a) and in series 2, the DNS runs start from a fully developed turbulent
state of Rayleigh-Be´nard convection in the absence of magnetic field of Ha = 0, as
shown in figure 5.1(b). Time series of kinetic energy are shown in figure 5.2. We have
relaxed all simulations starting from their initial conditions until the turbulent kinetic
energy fluctuates around a steady state for lower Ha or saturates at a visibly constant
level for higher Ha and then start the integral analysis. Figure 5.2 indicates that the
runs which start from the very beginning need more time to relax than those based
on Ha = 0, especially for the runs with higher Ha. The most obvious example is the
run at Ha = 200. In addition, we observe a weak evolution of the profile near 800Tf
for the run 1-7 that of Ha = 300 which starts from the very beginning. It implies that
convection under strong vertical magnetic field may evolve very slow, if we run the
simulations forever, different state may be detected, but we cannot afford that. In this
study, we focus on the general characteristics based on the limited run times.
From the first view on the energy fluctuations 5.2, we observe that the vertical mag-
netic field tends to decrease the total energy as well as the fluctuations of the energy
of turbulent convection in liquid metal. A sufficiently strong vertical magnetic field,
especially those close to and beyond the Chandrasekhar limit, i.e. Ha= 300, 500, 600,
the kinetic energy saturates at a visibly constant level with the fluctuation being sup-
pressed completely. Next, we will give a detail discuss of the heat and momentum
transfer in the system as well as the determining mechanisms and features of the flow.
5.2.1 Global transport of heat and momentum
The first analysis step is to study the global transport of heat and momentum in
the system at hand. Figure 5.3 displays the the Nusselt number Nu and the Reynolds
number Re versus square of the Hartmann number Ha2 respectively. For the DNS
runs in series 1, which start with the zero state at the very beginning, both Nu and
Re decrease monotonically with the increase of Ha for Ha ≤ 150, while from Ha =
150 to Ha = 200, we observe a slightly increase of Nu and Re. With Ha increasing
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(a) (b)
Figure 5.1: (a) Zero state at very beginning (t = 0), which is the initial state for the DNS runs in
series 1. (b) A fully developed turbulent state at Ha = 0 with Ra = 106 and Pr = 0.025, which
is the initial state for the DNS runs in series 2. Iso-surfaces of temperature field are shown.
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Figure 5.2: Time series of kinetic energy (Eq. 4.4). We show 2Ek for (a) the DNS series 1
which starts from the zero state at very beginning (t = 0), (b) the DNS series 2 which starts
from the fully developed turbulent state at Ha = 0 (run 2-1).
further, both Nu and Re decrease monotonically again. For the DNS runs in series 2,
which start with a fully developed turbulent state at Ha = 0, both Nu and Re decrease
monotonically with the increasing of Ha up to Ha = 600. For Ha ≤ 150, Nu as well
as Re coincide with those in series 1 very well, while at Ha = 200 and Ha = 300, the
Nu and Re are observably smaller than those in series 1.
The global momentum transport is further analyzed by displaying the root mean
square (r.m.s.) velocities that have been obtained by a combined volume and time
average which is denoted as < ·>V,t . The r.m.s. values are defined as:
urms =
√
< u2x +u2y +u2z >V,t , wrms =
√
< u2z >V,t , u
h
rms =
√
< u2x +u2y >V,t . (5.1)
Here, urms denotes the fully velocity field, wrms the vertical velocity component and
uhrms the horizontal velocity components. As shown in figure 5.4, the horizontal r.m.s.
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Figure 5.3: (a) The Nusselt number Nu and (b) the Reynolds number Re versus square of the
Hartmann number Ha2 for DNS runs with different initial states. Here, Pr = 0.025, Ra = 106
and Γ = 1 : 1 : 1. DNS series 1 starts from the zero state at very beginning and DNS series 2
starts from the fully developed turbulent state at Ha = 0.
velocities uhrms are increasingly suppressed as the external vertical magnetic field in-
creases in DNS series 1 as well as in series 2. However, the vertical r.m.s. velocity
wrms increases obviously from Ha = 150 to Ha = 200 in series 1, which compensates
for the decreases of horizontal components and results in the slight increase in total
r.m.s. velocity urms as well as in Nu and Re from Ha = 150 to Ha = 200. In addition,
the vertical r.m.s velocity wrms has a comparable value with the horizontal r.m.s. ve-
locity uhrms at the same Ha for Ha ≤ 300 in series 2, which is also true for Ha ≤ 150
in series 1. While the vertical r.m.s velocities wrms at Ha = 200 and Ha = 300 in se-
ries 1 are obviously larger than the horizontal components uhrms. At highest Hartmann
number Ha = 600, which is almost twice of the Chandrasekhar threshold, the Nusselt
number decreases to almost the pure diffusion case of Nu = 1, but is still above 1,
implying that the transport is not shut down completely. The Reynolds number also
drops to a small value which corresponds with a quasisteady laminar flow.
This global analysis is refined in figures 5.5 and 5.6 by displaying the vertical
profiles that have been obtained by a combined horizontal plane and time average
which is denoted as < · >A,t . Figure 5.5 shows the profiles for selected DNS runs in
series 1 which start from the zero state at the very beginning. Figure 5.5(a) shows the
mean temperature profiles. A well-mixed region in the bulk of the flow in the absence
of a magnetic field is observed. The imposed vertical magnetic field deforms the profile
visibly, showing apparent shortening of the uniform bulk central region and thickening
of the wall thermal boundary. For Ha ≥ 300, the profile changes to an almost linear
diffusion-dominated profile. The Nusselt number Nu can be decomposed into two
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Figure 5.4: Root mean square (r.m.s.) velocities versus the square of the Hartmann number
Ha2. (a) for DNS series 1 that starts from the zero state at very beginning and (b) for DNS
series 2 that starts from the fully developed turbulent state at Ha = 0. urms denotes the fully
velocity field, wrms the vertical velocity component and uhrms the horizontal velocity components
(Eq. 5.1).
terms that stand for convective and diffusive heat fluxes across the layer,
Nu(z) = jc(z)+ jd(z) =
√
RaPr 〈uzT 〉A,z− ∂ 〈T 〉A,t∂ z = const . (5.2)
Figures 5.5(b) and (c) display the profiles of the diffusive term, jd(z), and the convec-
tive term jc(z), respectively. As known from turbulent Rayleigh-Be´nard convection,
the diffusive term dominates in the boundary layers close to the plates while the con-
vective term contributes almost completely to the turbulent heat transfer in the bulk.
Their sum Nu(z) has to be independent of z which is shown in 5.5(c) by the dashed
line. This feature is observable for runs at Ha ≤ 300. While the run with the highest
Hartmann value of Ha = 600 is dominated by diffusion throughout the whole layer,
i.e., jd(z) > jc(z) for all z ∈ [−0.5,0.5]. Similar results are observed at Ha = 500
which is not shown in the figure.
Figures 5.5(d, e, f) display the vertical profiles of the r.m.s. velocities, which are
relatively defined as
urms(z) =
√
< u2x +u2y +u2z >A,t , wrms(z) =
√
< u2z >A,t , u
h
rms(z) =
√
< u2x +u2y >A,t .
(5.3)
Figure 5.5(d) display the total r.m.s. velocity profiles. For Ha = 0, total fluctuations
urms are enhanced at the edge of the boundary layer, which is related to the detach-
ment of thermal plumes Scheel & Schumacher [2016]. This process is increasingly
suppressed as the external vertical magnetic field is increasing. The horizontal veloc-
ity fluctuations uhrms, as shown in figure 5.5(f) yield a significant contribution to this
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Figure 5.5: Results for data sets of series 1 that with Pr = 0.025, Ra = 106, Γ = 1 : 1 : 1
and starts from the zero state at very beginning. The z-dependent mean profiles of (a) tem-
perature T (z) =< T >A,t , (b) diffusive flux jd(z) = −∂ 〈T 〉A,t/∂ z and (c) convective heat flux
jc(z) =
√
RaPr < uzT >A,t for various Hartmann numbers. The dashed lines in (c) are the
corresponding Nusselt numbers Nu(z) = jc(z)+ jd(z). The z-dependent mean profiles of the
r.m.s. velocity field for various Hartmann numbers with (d) for the total r.m.s. velocity urms(z),
(e) for the vertical r.m.s. velocity wrms(z) and (f) for the horizontal r.m.s. velocity uhrms(z) (Eq.
5.3).
enhancement. And the horizontal fluctuation level of uhrms decreases at all height as the
magnetic field increasing. Figure 5.5(e) shows the vertical velocity fluctuations wrms,
which yield significant contributions to the total fluctuation urms in the bulk. The fluc-
tuation level of wrms first decreases as the magnetic field increasing to Ha = 150 and
then increases from Ha = 150 to Ha = 200 at all heights and decreases again as the
magnetic field increasing further. The significant increase of vertical component wrms
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Figure 5.6: Similar to figure 5.5 but results for data sets of series 2 that with Pr = 0.025,
Ra = 106, Γ= 1 : 1 : 1 and starts from the fully developed turbulent state at Ha = 0.
from Ha = 150 to Ha = 200 compensating the decrease of the horizontal component
vrms results in an obvious convex in the middle of the total fluctuation urms profile of
Ha = 200, which crosses the profile of Ha = 150. For the run with Ha ≥ 300, the
obvious convex in the middle of urms is suppressed but still observable. The increase
of vertical velocity fluctuations wrms from Ha= 150 to Ha= 200 is also the reason for
the slight increase of the convective fluxes as shown in figure 5.5(c). The results are in
line with those shown in figure 5.3(a) and 5.4(a).
Figure 5.6 shows the vertical profiles for selected DNS runs in series 2 which start
from turbulent state at Ha = 0. By comparing the profiles between the two series with
different initial states, we could see that profiles bear very similar characteristics for the
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runs with Ha≤ 150, which is in line with the results shown in figure 5.3 that the global
heat transport Nu and the global momentum transport Re coincide very well. While
convex in the middle of total r.m.s. velocity profile urms at Ha = 200 in figure 5.5(d)
is not observed here. It is not only the horizontal velocity fluctuation level decrease
monotonically at all height but also that the total velocity fluctuation level as well as
the vertical velocity fluctuations decrease as a whole as the external vertical magnetic
field increasing from Ha = 0 to Ha = 600. The results are in line with those shown in
figure 5.3(b) and 5.4(b).
In addition, an inverse in the mean temperature profiles is observed at low verti-
cal magnetic field (0 < Ha ≤ 100) in both DNS series 1 and series 2. As shown in
figure 5.5(a) and 5.6(a), the profile for Ha = 100 is crossing that for Ha = 0 in the
bulk. This phenomenon is further illustrated in 5.5(b) and 5.6(b) that the diffusive heat
flux jd = −∂ < T >A,t /∂ z at Ha = 100 become negative at the center of the cubic
cell. Inverse phenomenon has been reported in experiments by Cioni et al. [2000] and
in simulations by Hanjalic´ & Kenjeresˇ [2000]. Cioni et al. [2000] did experiments in
liquid metal mercury confined in a cylinder with a diameter-to-height aspect ratio of
1 and they reported that dT/dz > 0 in the interior at Ra = 3.9× 108 and Ha ≈ 849
(Ra/Rac ≈ 54) by measuring vertical temperature profiles along the cell axis which
indicates that convection is blocked in the bulk but persists near the lateral walls from
which horizontal motion could maintain the stable stratification. Hanjalic´ & Kenjeresˇ
[2000] did simulations using T-RANS approach in a liquid with Pr = 0.71 within a
square box with length-height aspect ratio of 8 and they reported that the imposed ver-
tical magnetic field deforms the mean temperature with thinning of the thermal bound-
ary layers and extension of the core region with uniform and even inverse temperature
profiles at Ra = 107 and Ha =20, 100. However, in our DNS, we do not observe thin-
ning of the thermal boundary layers. Instead, the vertical magnetic field tends to thick
the thermal boundary layers for all the DNS runs summarized in table 5.1. But we do
observe an inverse in the mean temperature profiles in the central bulk region for the
runs with Ra = 106, Pr = 0.025 and 0 < Ha≤ 100 in the small cubic cell.
We ascribe the inverse phenomenon in temperature field to the highly confined as-
pect ratio. We repeat the simulation in a square box of aspect ratio Γ = 4 : 4 : 1 with
the same Ra = 106, Pr = 0.025 and Ha =0, 100, 200, 300, summarized as series 3 in
table 5.1 and the corresponding vertical profiles are shown in figure 5.7. We could see
that the characteristics are very similar, while the inversion of the slope in the mean
temperature profiles at low magnetic field Ha = 100 is not observed here. Another
surprising result due to confined aspect ratio is that the temperature profiles are not
symmetric between lower and upper halves of the cubic cell at moderate magnetic
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Figure 5.7: Results for data sets of series 3 that with Pr = 0.025, Ra = 106, Γ = 4 : 4 : 1.
The z-dependent mean profile of (a) temperature T (z) = 〈T 〉A,t , (b) diffusive flux jd(z) =
−∂ 〈T 〉A,t/∂ z, and (c) convective flux jc(z) =
√
RaPr〈uzT 〉A,t for various Hartmann numbers.
The dashed lines in (c) are the corresponding Nusselt numbers Nu(z) = jc(z)+ jd(z). (d) The
z-dependent mean profile of the root-mean-square (rms) velocity field for various Hartmann
numbers with the solid lines for total rms velocity urms(z) and the dashed lines for vertical rms
velocity wrms(z) (Eq. 5.3).
fields (Ha = 150, 200) especially for Ha = 200, as shown in figure 5.5(a) and 5.6(a).
This phenomenon is also not observed for the case in a square box. The results indi-
cates that the convection has a very complicated structure in a small cubic box and is
better mixed in a large geometry.
The inversion of the slope in the mean temperature at low magnetic field and the
asymmetric profiles at moderate magnetic field could also be caused by the relatively
low Rayleigh number of Ra= 106, with which the flow in the cubic box is soft turbulent
instead of hard turbulent, which means the convection is not mixed very well. This can
be checked in the further.
Next, we move on to report the general structure of the flow at different strengths
of the magnetic field and its connection to the heat and momentum transport.
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5.2.2 Flow structure at different strengths of magnetic field
We begin the discussion by presenting the general structure of the flow in the ab-
sence of magnetic field (Ha = 0) with Ra = 106 and Pr = 0.025 in a cubic box with
Γ= 1 : 1 : 1 (Run 1-1). It is known that Rayleigh-Be´nard convection confined in a cube
has a complex three-dimensional flow structure. Under fully developed conditions the
flow structure is characterized by a large scale circulation (LSC) developing in a plane
containing one of the diagonals of the cell. This structure is not static, with the LSC
undergoing reorientations, or switching, between the two diagonal planes. The dy-
namic of the LSC is also geometry and input parameters dependent [Daya & Ecke,
2001; Foroozani et al., 2017; Qiu & Xia, 1998; Wagner et al., 2014]. For the chosen
Pr = 0.025 and Ra = 106 (Run 1-1), the flow pattern in a cubic box is shown in figure
5.8. Isosurfaces of instantaneous temperature field at three different instants in time
and the corresponding skin friction field s= (∂ux/∂ z,∂uy/∂ z) at the bottom plate are
shown. The skin friction field can be considered as a blueprint of the near-wall vis-
cous boundary layer dynamics [Bandaru et al., 2015]. One can see that the primary
flow structure takes form of a single LSC which is spreading over the whole area and
changing its orientation with time. The wind direction in a plane near the bottom plate
at z =−0.498 can be calculated by
φ(z =−0.498, t) = arctan
(
< uy(z =−0.498, t)>A
< ux(z =−0.498, t)>A
)
. (5.4)
Figure 5.9(a) shows the value of φ corresponding to the direction. The red profile
denoted by Run 1-1 in figure 5.9(b) displays the time-dependent orientation angle cor-
responding to the run shown in figure 5.8. We could see that the direction of wind on
a plane near the bottom wall oscillates between −0.75pi and −0.25pi approximately.
Figure 5.8(a, d) show an example of flow structure near φ =−0.75pi and figure 5.8(c,
f) near φ = −0.25pi . It is clearly shown that the LSC is oscillating between the two
diagonal planes. Figure 5.8(b, e) show an example of flow structure in the between
near φ = −0.5pi that the flow is mainly pointing to the negative y-direction. Dur-
ing our limited run time, the averaged y-direction velocity component over the whole
plane near bottom wall is always negative, which indicates that with the chosen input
parameter the LSC is oscillating between two adjacent diagonals. We also check the
Nu and Re at different instants. It shows that the diagonally organized structure trans-
ports more heat and momentum. We have repeated the simulation with exact same
input parameters and initial state for several times and detected another two oscillating
procedures as shown in figure 5.9(b). The purple profile denoted by ’Run 1-1a’ in-
dicates the LSC oscillating between 0.25pi and 0.75pi while the green profile denoted
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(a) (b) (c)
(d) (e) (f)
Figure 5.8: Instantaneous flow pattern in the absence of magnetic field at Pr = 0.025, Ra= 106
in a cubical box (Run 1-1). Three different snapshots are shown. (a, b, c) show isosurfaces of
temperature field. (d, e, f) show streamlines of the skin friction field s = (∂ux/∂ z,∂uy/∂ z)
at the bottom plate. Field lines are colored by the magnitude of the vector field. Nu =
6.33,5.44,6.50 and Re = 2841,2658,2837 from left to right.
by ’Run 1-1b’ indicates the LSC oscillating between −0.25pi and 0.25pi . For all the
three cases shown in 5.9(b), the LSC is locked between two adjacent diagonals, i.e.,
the direction of LSC is changing over a range of 0.5pi . And the oscillating frequency
is approximately 0.0163 T−1f for all the three cases. The time-averaged flow pattern
corresponding to the three runs in 5.9(b) are shown in figure 5.10. The average is taken
over the last 100 Tf shown in 5.9(b). Foroozani et al. [2017] found that the LSC in a
cube can oscillate over the whole cell, i.e. over a range of 2pi , with input parameter
Pr = 0.7 and Ra= 108 during a run time of 1200 eddy-turnover time which is approxi-
mately 36000 free-fall time units. If we run our simulation longer enough we may also
detect LSC oscillating over arrange of 2pi or if we repeat the same simulation again
and again, we may detect more different oscillating procedures. Nevertheless, we can
general summarize that the flow pattern in Rayleigh-Be´nard convection that confined
in a cube with Ra = 106 and Pr = 0.025 take forms of a single LSC occupying almost
complete central region with its orientation oscillating with time. And the diagonally
organized structure transports more heat and momentum.
We now move on to present some qualitative illustration of the effect of a vertical
magnetic field. Fgiures 5.11, 5.12 and 5.13 summarize the general flow pattern in a
cubic cell of Γ = 1 : 1 : 1 at various Hartmann numbers with Pr = 0.025, Ra = 106
that are computed starting from the zero state at very beginning, corresponding to the
DNS runs in series 1. Time-averaged temperature field, velocity field as well as the
67
5. Rayleigh-Be´nard convection with a vertical magnetic field
(a)
-1
-0.5
 0
 0.5
 1
 0  50  100  150  200
φ/pi
t/Tf
Run 1-1
Run 1-1a
Run 1-1b
(b)
Figure 5.9: (a) Schematic of orientation angle φ corresponding to the flow direction. (b) Local
orientation angle φ as a function of time as measured in free-fall time units for z = −0.498
(near bottom plate) at Pr = 0.025, Ra = 106 and Ha = 0 in a cubic box. The red line is for
the run shown in figure 5.8 (Run 1-1). The other two show another two different orientation
regimes detected at the same input parameters.
(a) (b) (c)
Figure 5.10: Time-averaged flow pattern over 100 Tf corresponding to the three runs shown
in figure 5.9(b). (a) for ’Run 1-1’, (b) for ’Run 1-1a’ and (c) for ’Run 1-1b’. Streamlines of
time-averaged velocity field are shown. The line are colored by vertical velocity component.
skin friction field at the bottom plate are shown respectively. The runtime used in
the time-averaging is summarized in table 5.1. At low magnetic field (Ha < 100),
taking Ha = 50 for example as shown in panel (a) in figure 5.11 and 5.12, the flow
structures remain very similar with the nonmagnetic case (see figure 5.10) with a LSC
occupying the entire cell and changing direction with time between two diagonal plane.
Figure 5.14 displays the corresponding local orientation angle (see equation (5.4)) of
wind on a plane near the bottom wall as a function of time for various Hartmann
numbers. Long period and high amplitude fluctuations in the profile of Ha = 0 which
are corresponding to the orientation oscillation of the LSC are damped significantly by
the vertical magnetic field. The frequency of the large scale fluctuations are 0.0163,
0.0138, and 0.0063 (in unit of T−1f ) for Ha = 0, Ha = 50 and Ha = 75 respectively.
From Ha = 100, the influence of the vertical magnetic field becomes obviously that
the global flow tends to be locked near a single diagonal plane as shown in panel (b)
in figures 5.11−5.13. Figure 5.14 confirms that the large scale circulation is neither
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(a) Ha = 50 (b) Ha = 100 (c) Ha = 150
(d) Ha = 200 (e) Ha = 300 (f) Ha = 600
Figure 5.11: Isosurfaces of the time-averaged temperature field at various Hartmann numbers.
Data sets in series 1 are considered which are computed from the zero state at very beginning.
(a) Ha = 50 (b) Ha = 100 (c) Ha = 150
(d) Ha = 200 (e) Ha = 300 (f) Ha = 600
Figure 5.12: Streamlines of the time-averaged velocity field at various Hartmann numbers.
Field lines are colored by vertical velocity component. Data sets in series 1 are considered
which are computed from the zero state at very beginning.
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(a) Ha = 50 (b) Ha = 100 (c) Ha = 150
(d) Ha = 200 (e) Ha = 300 (f) Ha = 600
Figure 5.13: Skin friction field s= (∂ux/∂ z,∂uy/∂ z) at the bottom plate for various Hartmann
numbers. The field lines are colored by the magnitude of the vector field. Data sets in series 1
are considered that computed from the zero state at very beginning.
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Figure 5.14: Local orientation angle φ ( (Eq. 5.4)) as a function of time as measured in free-fall
time units at z = −0.498 (near bottom plate) for various Hartmann number (Ha ≤ 150). Data
sets in series 1 are considered that computed from the zero state at very beginning.
parallel to one set of side walls nor orients diagonally and slight oscillations are still
observed. At Ha = 150, the profile in figure 5.14 is almost a straight line at a constant
orientation angle of φ = −0.25pi which indicates the flow is quasi-steady and orients
diagonally. Panel (c) in figures 5.11−5.13 show that the time-averaged flow pattern
is almost symmetric by one of the diagonal plane. With the magnetic field increasing
further, the flow tends to avoid following the diagonal direction, but moving attached to
the sidewalls. The flow pattern takes form of hot fluid arising in two opposite corners
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(a) Ha = 50 (b) Ha = 100 (c) Ha = 150
(d) Ha = 200 (e) Ha = 300 (f) Ha = 600
Figure 5.15: Similar to figure 5.11, but data sets in series 2 are considered which are computed
starting from the fully developed turbulent state at Ha = 0 (see figure 5.1(b)).
(a) Ha = 50 (b) Ha = 100 (c) Ha = 150
(d) Ha = 200 (e) Ha = 300 (f) Ha = 600
Figure 5.16: Similar to figure 5.12, but data sets in series 2 are considered which are computed
starting from the fully developed turbulent state at Ha = 0 (see figure 5.1(b)).
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(a) Ha = 50 (b) Ha = 100 (c) Ha = 150
(d) Ha = 200 (e) Ha = 300 (f) Ha = 600
Figure 5.17: Similar to figure 5.13 but data sets in series 2 are considered which are computed
starting from the fully developed turbulent state at Ha = 0 (see figure 5.1(b)).
(a) (b) (c) (d)
Figure 5.18: Time-averaged flow pattern at Ha = 300 based on different initial states: (a) zero
state from very beginning, (b) fully turbulent state at Ha = 0, (c) state at Ha = 100, (d) state at
Ha = 150. The second row display the top view of the first row.
and cold fluid descending in the adjacent corners, as shown in panel (d-f) in figure
5.11 and 5.12. The structures are increasingly closely attached to the sidewalls as the
magnetic field increasing. For the highest Hartmann number of Ha= 600, the structure
still survives and the flow motion in the interior of the cell are almost completely
suppressed.
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We continue to present the results corresponding to the DNS runs in series 2, which
are computed starting from the fully developed turbulent state in the absence of mag-
netic field as shown in figure 5.1(b). The input parameters are still fixed to Pr = 0.025,
Ra = 106 and Γ = 1 : 1 : 1. Figures 5.15, 5.16 and 5.17 summarize the time-averaged
temperature field, velocity field as well as the skin friction field at the bottom plate
respectively, for various Hartmann numbers. The general flow patterns for Ha ≤ 150
remain quite similar between the two DNS series that with different initial states. Al-
though the positions where the hot fluid arises and cold fluid descends are different,
which is due to the nature of Rayleigh-Be´nard convection, the integral heat and mo-
mentum transports are the same as shown in figures 5.3 and 5.4. With strong magnetic
field that Ha ≥ 200, the flow tend to be expelled from the interior to the near-wall
regions similar to the runs in series 1. However, the wall attached structures are orga-
nized quite differently between the two DNS series. For Ha = 200 in series 2 (Run
2-6, which is computed starting from the fully developed turbulent state of Ha = 0),
as shown in panel (d) in figures 5.15−5.17, the flow pattern remains similar to that
for Ha = 150 that the hot fluid arises at one corner and the cold flow descends at the
opposite corner with the whole flow being more expelled from the interior. However,
the flow pattern for Ha = 200 in series 1 (Run 1-6 , which is computed starting from a
zero state from very beginning), as shown in panel (d) in figures 5.11 and 5.12, takes
form of the hot fluid arising in two opposite corners and the cold fluid descending
in the adjacent corners, which carries more vertical momentum transport as shown in
figure 5.5(e), resulting the corresponding Nu and Re higher than those in series 2 at
Ha = 200 and even higher than those at Ha = 150. For Ha = 300 in series 2 (Run
2-7), as shown in panel (e) in figures 5.15−5.17, the flow takes form of two-roll-like
structure pointing from one sidewall to the opposite sidewall instead of any diagonal
motion.
Figure 5.18 displays the flow pattern at Ha = 300 based on different initial states.
Besides the two initial states, i.e., zero state and fully turbulent state, that we mentioned
already, we add the pattern at Ha= 300 based on the flow state at Ha= 100 and Ha=
150 respectively. As shown in figure 5.18, the general features of the pattern based on
Ha 6= 0 are the same. We have checked that the Nusselt and Reynolds numbers are
also similar in these three cases. The differences come from the position where the
hot fluid rises and the cold fluid sinks. This is due to the natural feature of Rayleigh-
Be´nard convection that plume detach randomly from the top and bottom plates into the
bulk of the cell. Since the diagonal structure transports more heat and momentum, the
Nu and Re in figure 5.3 at Ha = 300 in series 1 (run 1-7) are larger than those the runs
in series 2 (run 2-7).
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5.2.3 Summary and discussion
We summarize here the main DNS results of the impact of a vertical magnetic
field on liquid metal convection flow in a closed cubical cell with a small aspect ratio
Γ = 1 : 1 : 1. In the absence of magnetic field, the flow pattern in Rayleigh-Be´nard
convection that confined in a cube with Ra = 106 and Pr = 0.025 takes form of a
single LSC occupying almost complete central region with its orientation oscillating
with time. A vertical magnetic field inhibits the oscillation of LSC and thus decreases
the heat and momentum transport. As the magnetic field is increased, the convection
tends to be expelled from the interior to the near-wall regions with the fluid motion
almost completely absent in the bulk.
By conducting DNS with different initial states, we detected multiple states for
equal input parameters. These multiple states may influence the heat and momentum
transport obviously, especially for the runs with moderate magnetic field. The reason
is that different LSC states occupy the cell that dominate transport.
For the runs with low magnetic field, we observe an inversion of the slope of the
mean temperature profiles in the bulk of the cubic cell which is due to the highly
confined small aspect ratio.
5.3 Results for large aspect ratio cells with Γ= 4 : 4 : 1
In this section, we show the DNS results of the impact of a vertical magnetic
field on liquid metal convection flow in a closed square cell with a large aspect ratio
Γ = 4 : 4 : 1. We mainly show the results concerning the high Rayleigh number runs
summarized as series 4 in the table 5.1. The Prandtl number is still fixed to Pr = 0.025.
the Rayleigh number is increased to Ra = 107, with which the flow is highly turbulent
in the absence of magnetic field. The Hartmann number is increased up to Ha= 2000,
which is twice of the Chandrasekhar threshold Hac approximately with Hac ≈ 1007
for Ra = 107. All the DNS runs for magnetoconvection start from a fully turbulent
state in the absence of magnetic field for the same Ra.
The values of the Reynolds number Re and Nusselt number Nu of non-MHD case
(run 4-1) are comparable with those from Scheel & Schumacher [2016] for Rayleigh-
Be´nard convection in mercury at Pr= 0.021 in a closed cylindrical cell at Γ=D/H = 1
where Nu= 10.11±0.05 and Re= 8450±100 is reported. For the magnetoconvection
runs, we compares our Nusselt numbers Nu against the experiments in a closed cylin-
der by Cioni et al. [2000] as shown in figure 5.19. It can be seen that the experimental
data record coincides well with the DNS data below the Chandrasekhar limit for all
the runs in series 4, where large aspect ratio Γ = 4 : 4 : 1 and the highest Rayleigh
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Figure 5.19: Nusselt number Nu normalized with respect to the Nusselt number value at B0 = 0
versus Ha/
√
Ra. A part of the data of the experiment by Cioni et al. [2000] is added (open
circles).
number Ra = 107 are considered. For comparison, we also include the DNS results of
series 1-3 as shown in table 5.1, where a relatively low Rayleigh number of Ra = 106
are considered. The values are larger than the experimental results especially for the
cases at low magnetic fields. Furthermore, the results for small aspect ratio, i.e., series
1 and 2, are also slightly larger than the results for large aspect ratio, i.e., series 3 for
the same Ha. Deviations are observed for the highest magnetic fields, where the data
points of the simulation branch off due to the existence of wall modes. This figure al-
ready underlines the sensitivity of the turbulent heat transfer with respect to the aspect
ratio.
Next we move on to report how the convective turbulence structures and the heat
and momentum transport are affected by a vertical magnetic field in detail. We will first
present the results of magnetoconvection towards the Chandrasekhar limit in section
5.3.1 and then discuss the wall modes beyond the Chandrasekhar in section 5.3.2.
5.3.1 Magnetoconvection towards the Chandrasekhar limit
5.3.1.1 Flow patterns and characteristic scales
First, we present flow patterns of the magnetoconvection flows towards the Chan-
drasekhar limit. DNS runs of 4-1 to 4-4 in series 4, are considered here, that Ra= 107,
Pr = 0.025, Γ = 4 : 4 : 1 and Ha ≤ 1000. Figure 5.20 displays the flow structure by
presenting two isothermal surfaces of the instantaneous temperature field. Panel (a) in
figure 5.20, for Ha = 0, indicates a fully turbulent convection in the absence of mag-
netic field. With a vertical magnetic field, the plumes are randomly distributed with
a wide base and peaked cores as shown in panel (b) and (c), which are for Ha = 200
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(a) (b)
(c) (d)
Figure 5.20: Snapshots of the magnetoconvection flow towards the Chandrasekhar limit for
Pr = 0.025, Ra = 107 and Γ = 4 : 4 : 1. We display isosurfaces of instantaneous temperature
field T =±0.32. (a) Ha = 0, (b) Ha = 200, (c) Ha = 500, (d) Ha = 1000.
and Ha = 500 respectively. From Ha = 200 to Ha = 500, the plumes become more
cylindrical in base shape and more orderly populated. Such a reorganization is a con-
sequence of magnetic damping of the horizontal fluid movement and turbulent fluctu-
ations in the horizontal directions. When the magnetic field strength approaching the
Chandrasekhar limit Hac ≈
√
Ra/pi ≈ 1000, as shown in panel (d), the temperature
field in the bulk is almost linearly stratified and the plumes persist near the side walls.
Further illustration of the structural reorganization is given in figure 5.21. The top
row, panels (a)–(d), displays instantaneous snapshots of the vertical velocity compo-
nent in the midplane at z= 0. It is observed that the average distance between strongly
up- and downwelling fluid is decreased as Ha grows. In the bottom row, panels (e)–
(h), we display the resulting time-averaged data that have been obtained for an average
over the total integration time of 31 free fall time units Tf . The observation is sim-
ilar. An increasing magnetic field fragments the vertical velocity field patterns. At
the Chandrasekhar limit, the differences between an instantaneous snapshot and the
time-averaged field are very small which implies a quasisteady behavior. The vertical
velocity component seems to be completely expelled from the center of the cell when
compared with the data for Ha 103. The flow patterns are attached to the near-
wall regions. The alternating up- and down-wellings indicate roll structures which are
indeed detected.
A typical scale of the velocity pattern is found by a Fourier analysis. We take the
vertical velocity component in the midplane, uz(x,y,0, t) and transform each sample
into Fourier space thus obtaining uˆz(kx,ky, t). An azimuthally averaged power spec-
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(a) (b) (c) (d)
(e) (f) (g) (h)
Figure 5.21: Horizontal cross sections at mid-plane (z = 0) of instantaneous vertical velocity
field (top row) and time-averaged vertical velocity field over 62 snapshots (31Tf ) for various
Hartmann numbers at (a, e) Ha = 0, (b, f) Ha = 200, (c, g) Ha = 500, (d, h) Ha = 1000.
Pr = 0.025, Ra = 107 and Γ= 4 : 4 : 1.
trum is then obtained by
E(k) =
1
2pi
∫ 2pi
0
〈|uˆz(k,kφ ,τ)|2〉tk dkφ . (5.5)
Figure 5.22(a) shows the power spectra for the four DNS runs 4-1 to 4-4. All of them
obey a wavenumber k∗ at which the spectrum has a maximum. We associate a typical
wavelength with this wavenumber which is given by λ∗ = 2pi/k∗. This wavelength
stands for a typical distance between the down- and upwelling regions in figure 5.21.
While the maximum wavenumber is shifted to larger values as Ha is increased, the
maximum value drops by four orders of magnitude which underlines the strong damp-
ing of the fluid motion. The characteristic spatial scale which follows from this analysis
is λ∗ ≈ 2.7, 2, 0.89, and 0.73 for Ha = 0, Ha = 200, Ha = 500, and Ha = 1000, re-
spectively. It is clear that the structures in this DNS series are affected by the finite
box size. Nevertheless, the trend to a fragmentation into smaller velocity patterns with
increasing external vertical magnetic field is clearly visible. Similar patterns are ob-
served for the temperature field and for the skin friction field, as shown in figure 5.23.
77
5. Rayleigh-Be´nard convection with a vertical magnetic field
10-10
10-8
10-6
10-4
10-2
 1  10  100
E(
k)
k
Ha=0
Ha=200
Ha=500
Ha=1000
Figure 5.22: Time and azimuthally averaged vertical velocity at midplane (z = 0) in
Fourier modes as a function of wavenumber k. The peaks of the profiles are at k∗ =
0.75pi, pi, 2.25pi, 2.75pi for Ha = 0, 200, 500, 1000 respectively.
(a) (b) (c) (d)
(e) (f) (g) (h)
Figure 5.23: Horizontal cross sections of (a–d) the time-averaged temperature field at the mid-
plane z = 0 and (e–h) the two-dimensional time-averaged skin friction field at the bottom plate
z=−0.5 for various Hartmann numbers. From left to right Ha= 0 ,200 ,500 ,1000. The white
concentric squares in panel (d) denote subareas which will be used in shell analysis, where A0
denotes for the entire cross-section area, and A1 = 916 A0, A2 =
1
4 A0, A3 =
1
16 A0. Field lines in
panels (e)–(h) are colored by the magnitude of the vector field.
5.3.1.2 Global transport of heat and momentum
Figure 5.24 shows the vertical profiles for the DNS runs 4-1 to 4-4 in series 4.
Figure 5.24(a) shows the temperature profiles for all six date set in series 4. The well-
mixed bulk region for the turbulent cases at Ha < 1000 changes to an almost linear
diffusion-dominated profile for Ha ≥ 1000. Figure 5.24(b) and (c) display the pro-
files of diffusive heat fluxes jd(z) and the convective heat fluxes jc(z) respectively for
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Figure 5.24: Results for Pr = 0.025, Ra = 107, Γ = 4 : 4 : 1 and 0 ≤ Ha ≤ 1000. The
z-dependent mean profile of (a) temperature T (z) = 〈T 〉A,t , (b) convective flux jc(z) =√
RaPr〈uzT 〉A,t , and (c) diffusive flux jd(z) = −∂ 〈T 〉A,t/∂ z for various Hartmann numbers.
The dashed lines in (b) are the corresponding Nusselt numbers Nu(z) = jc(z)+ jd(z). (d) The
z-dependent mean profile of the r.m.s. velocity field for various Hartmann numbers with the
solid lines for total r.m.s. velocity urms(z) and the dashed lines for vertical r.m.s. velocity
wrms(z) (Eq. 5.3).
the runs with Ha ≤ 1000. For Ha < 1000, the diffusive term jd(z) dominates in the
boundary layers close to the plates and the convective term contributes almost com-
pletely to the turbulent heat transfer in the bulk. Panel (d) of figure 5.24 displays the
r.m.s. velocity profiles of the runs with Ha≤ 1000. Total fluctuations urms, which are
enhanced at the edge of the boundary layer for Ha = 0 due to the detachment of the
thermal plumes, are increasingly suppressed by the vertical magnetic field. This is in
line with a drop of the global momentum transfer that is measured by the Reynolds
number. While the total fluctuations urms, are significantly larger than the vertical ones
wrms, for Ha= 0, this ratio decreases steadily as one moves towards the Chandrasekhar
limit. It is not only that the fluctuation level decreases as a whole, but also the vertical
velocity fluctuations wrms provide an increasing fraction to the total fluctuation mag-
nitude. Furthermore, we find that the ratio of the r.m.s. values taken in the full cell
volume, wrms/urms = 0.55,0.78,0.90 and 0.71 for Ha = 0, 200, 500 and 1000 respec-
tively.
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Figure 5.25: Shell analysis of the z-dependent mean profiles of temperature 〈T (z)〉Ai,t (first
row) , convective flux 〈 jc(z)〉Ai,t (second row), diffusive flux 〈 jd(z)〉Ai,t (third row), and r.m.s.
velocity 〈urms(z)〉Ai,t (last row) for various Hartmann numbers. Columns from left to right stand
for Ha = 0, 500, 1000. The average is taken over time span of 31Tf and over different area Ai,
where Ai = {A0 ,A1 ,A2 ,A3} which are defined in figure 5.23.
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5.3.1.3 Spatially refined analysis of turbulent transport
It has been shown that a doubling of the Hartmann number from Ha = 500 to
1000 pushes the patterns to the sidewalls. This suggests a scale-refined analysis of the
turbulent transport processes. Figure 5.23(d) illustrates how this analysis will be done
in detail. The panel contains concentric square subareas A1, A2, and A3 that are nested
in each other and take 9/16, 1/4, and 1/16 of A0, respectively. A0 denotes for the entire
cross-section area. In the following the analysis of the turbulent transport is repeated
in these successively smaller cross sections. The results are shown in figure 5.25.
We display again profiles of the mean temperature, the convective and diffusive heat
current, as well as the r.m.s. velocity (see also figure 5.24 for comparison). It is also
noted that the ranges of the profiles differs significantly from one run to another. We
cannot choose unique ranges and display the differences in the shells. For Ha = 0, it
is observed that the temperature in the middle is enhanced which is traced back to the
particular mean convection pattern (see figure 5.23(a)). This is in line with an enhanced
convective heat flux in the cell center as shown in the left panel of the second row. The
intermediate Hartmann number run at Ha = 500 display only mild variations in the
mean vertical profiles from one shell to another. Similar features are observed for the
DNS run at Ha = 200, but not shown here. The profiles for the case at Ha = 1000
differ to Ha = 0 and Ha = 500 significantly from shell to shell. It is worth to mention
that the mean temperature profile taken for A3 is almost perfectly a straight line for the
case at Ha= 1000, which would stand for a purely diffusive transport. This behavior is
in line with a strong suppression of the r.m.s. velocity amplitudes in the cell center. For
the run at the Chandrasekhar limit we can thus confirm the observations from before.
This small amount of existing convective heat transfer is expelled from the interior to
the side wall regions. Near wall circulation rolls are the ones the carry the heat from
the bottom to the top.
5.3.1.4 Dissipation rates
The vertical profiles of the plane-time averages of kinetic energy dissipation and
thermal dissipation rate fields are plotted in figure 5.26. They are denoted by εT (z) =<
εT >A,t and ε(z) =< ε >A,t respectively. The thermal dissipation rate field and kinetic
energy dissipation rate field are defined as equation (2.55) and (2.53) respectively. The
profiles show that both thermal and kinetic energy dissipation rates decrease in mag-
nitude as the Hartmann number increases. The results have to be a consequence of di-
minished derivatives by the magnetic field. Comparing panel (a) and (b) of figure 5.26,
we could see that for non-MHD case, thermal dissipation dominates in the boundary
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Figure 5.26: Results for Pr = 0.025, Ra = 107, Γ = 4 : 4 : 1 and 0 ≤ Ha ≤ 1000. Energy dis-
sipation rate profiles for various Hartmann numbers: (a) the thermal dissipation rate εT (z); (b)
the kinetic energy dissipation rate ε(z). The dashed lines in (b) are the rescaled local enstro-
phy profiles. The vertical dashed lines in panel (a) and (b) denote the thermal boundary layer
thicknesses δT = 1/(2Nu). (c) A zoom in of kinetic energy dissipation rate to the boundaries.
The dot–dashed lines denote the velocity boundary layer thicknesses δHa = 1/Ha (Ha 6= 0).
All profiles are additionally averaged over the lower and upper halves of the cell.
layers while kinetic energy dissipation dominates in the bulk which is in a line with
the results shown by Scheel & Schumacher [2016]. For the magnetoconvection case,
thermal dissipation dominated both in the boundary layers and in the bulk.
Besides, we compare the vertical mean profile of the kinetic energy dissipation
rate ε(z) and the rescaled local enstrophy Ω(z)/
√
Ra/Pr in panel (b) and (c) of figure
5.26. Ω is the local enstrophy which can be defined by means of the vorticity field
ωi(x, t) = εi jk∂ juk with i, j,k = 1,2,3 and given by Ω = ωi(x, t)ωi(x, t). In homo-
geneous isotropic turbulence the ensemble average of the mean dissipation and the
local enstrophy are connected by an exact relation which translates in our units into
< ε >=< Ω/
√
Ra/Pr >. We observe deviations between the kinetic energy dissi-
pation rate and the rescaled local enstrophy for the runs with moderate vertical mag-
netic field that of Ha = 200 and Ha = 500 and the deviations are located between the
Hartmann boundary layer and the thermal boundary layer. The results imply that the
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vertical magnetic field induces anisotropy between the Hartmann boundary layer and
the thermal boundary layer. This phenomenon is not observed for the case with higher
Hartmann number.
5.3.1.5 Summary and discussion
Three-dimensional turbulent magnetoconvection at a Rayleigh number of Ra= 107
in liquid gallium at a Prandtl number Pr = 0.025 in a closed square cell of aspect
ratio Γ = 4 : 4 : 1 is studied by means of direct numerical simulations. In absence
of an external field the flow is fully turbulent with a Rayleigh number of Ra = 107.
The strength of the externally applied vertical homogeneous magnetic field, which is
quantified by the Hartmann number Ha, is increased from Ha = 0 up to a value Ha =
103 that brings the turbulent convection flow increasingly closer to the Chandrasekhar
limit. By a Fourier analysis, we show that the convection patterns are reorganized
with a decreasing characteristic horizontal wavelength as Ha increases. The turbulent
heat transfer, which is investigated in concentric square shells, is found to become
increasingly heterogeneously distributed with flow modes that are attached to the side
walls for the largest values of Ha = 1000.
The reorganization of flow structures and the decrease of Nu with Ha has been dis-
cussed in transient Reynolds-averaged Navier-Stokes (T-RANS) simulations in square
cells of aspect ratio 8:8:1 [Hanjalic´ & Kenjeresˇ, 2000; Kenjeresˇ & Hanjalic´, 2004].
The present work extends these studies by resolving the turbulent fields to their small-
est scales. Furthermore, we drive the system towards the Chandrasekhar limit, by
doubling the Hartmann number to a vlaue of Ha = 103 in comparison to Kenjeresˇ &
Hanjalic´ [2004]. Our present work adds also high-Rayleigh-number DNS data to the
Ha−Ra parameter plane. Such data are necessary in an adaption of the Grossmann-
Lohse theory of turbulent heat and momentum transfer [Grossmann & Lohse, 2000,
2001] to the case of magnetoconvection that was developed recently by Zu¨rner et al.
[2016]. This extension will be discussed in brief in section 5.4.
5.3.2 Wall modes beyond the Chandrasekhar limit
We move on to show our DNS results of the turbulent liquid metal convection under
effects of a strong vertical magnetic field which is increased beyond the Chandrasekhar
limit. Therefore DNS runs 4-4 to 4-6 in series 4 (table 5.1) are considered. The aspect
ratio is Γ = 4 : 4 : 1 and the Prandtl number is fixed to Pr = 0.025, the Rayleigh
number to Ra = 107. The linear stability limit is reached at Hac ≈
√
Ra/pi ≈ 1000
for the chosen Ra and Pr. Our numerical studies show that convective heat transfer is
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still present for Hartmann numbers up to Ha = 2Hac. We will demonstrate by a scale-
refined analysis in concentric subvolumes that the transport of heat and momentum is
maintained by subcritical flow modes which are attached to the sidewalls, similar to
rotating Rayleigh-Be´nard convection. The spatial organization and structure of these
(quasisteady) wall modes will be studied in detail. Results shown in this subsection
have been published in the Journal of Fluid Mechanics [Liu et al., 2018].
5.3.2.1 Spatial structure of sidewall modes
Figure 5.27 displays snapshots of the velocity field structure of the magnetoconvec-
tion flows. Isosurfaces of the vertical velocity component and field lines of the velocity
field are shown for runs at Ha≥ 500. For small external magnetic field strength, a cel-
lular structure of up- and downwelling flows is observed that fills the entire cell. A
sufficiently strong external magnetic field that corresponds here to Ha ≥ 1000 expels
convective motion from the interior of the cell where heat is then transported solely
by diffusion. We note that the critical Hartmann number, which corresponds to the
Chandrasekhar linear stability limit, is given by Hac =
√
Ra/pi ≈ 1007 for the present
Rayleigh number of Ra = 107. Figures 5.27(b)–(d) display the structure of the wall
modes, which consist of alternating up- and downwelling flow regions attached to the
sidewalls. They correspond to neighboring circulation rolls which do not move along
the sidewalls or oscillate as in rotating convection for the total integration times that
we could run the simulations. The wall modes are ever closer attached to the sidewalls
as Ha grows from 1000 to 2000. Interestingly, vertical velocity maxima reach out into
the bulk in form of tongue-like filaments which might be a relic from the turbulent flow
pattern, a point that will be analysed more closely in subsection 5.3.3.3. In order to
illustrate that fluid motion is not completely absent in the bulk, we also plot horizontal
mid-plane of vertical velocity component uz as the magnitude in decadic logarithm as
shown in figure 5.28.
5.3.2.2 Global and near-sidewall transport of heat and momentum
Table 5.1 shows that the Nusselt number is still larger unity for runs 4-4 to 4-6
beyond the Chandrasekhar limit. With growing Ha the global transport converges to
the pure diffusion case at Nu = 1. The strong temporal velocity fluctuations of the
highly inertial low–Pr turbulence for absent or weak magnetic fields decrease then to
vanishingly small values and result in a practically quasisteady laminar wall mode flow.
The global analysis of transport is refined in figure 5.29 by vertical mean profiles taken
with respect to horizontal plane A = Γ2 and time, 〈·〉A,t . Figure 5.24(a) has already
shown the temperature profiles for all six data sets in series 4 that the well-mixed bulk
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Figure 5.27: (Published in Liu et al. [2018]) Snapshots of the magnetoconvection flow at (a)
Ha = 500. (b) Ha = 1000. (c) Ha = 1500. (d) Ha = 2000. We display isosurfaces of uz =
±0.01 together with field lines of the velocity field that highlight the circulation rolls at the
sidewalls. The ratio Ra/Rac is indicated in each of the panels with Rac = pi2Ha2. For ratios of
Ra/Rac < 1 the linear stability theory predicts a purely diffusive transport in a fluid layer with
u= 0.
(a) (b) (c)
Figure 5.28: Contour plot of the time-averaged vertical velocity component magnitude (in units
of decadic logarithm) for Ha= 1000,1500,2000, i.e., 〈log10 |uz(x,y,0)|〉t . Data are taken in the
horizontal midplane.
region for the turbulent cases at Ha < 1000 changes to an almost linear diffusion-
dominated profile for Ha ≥ 1000. Here figure 5.29(a) displays the profiles of the
convective heat fluxes jc(z) and the diffusive heat fluxes jd(z) for the three runs with
Ha≥ 1000 as well as their sum (which has to be constant and equal to Nu). Definition
refers to equation 5.2. It is seen that jd(z) > jc(z) for all z ∈ [−0.5,0.5], showing
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Figure 5.29: (Published in Liu et al. [2018]) Results for Pr = 0.025, Ra = 107, Γ = 4 : 4 : 1
and 1000 ≤ Ha ≤ 2000. (a) Mean profiles of convective heat current, jc(z) (solid lines), and
diffusive heat current, jd(z) (dash-dotted lines) for various Hartmann numbers. Both currents
are defined in equation (5.2). The dotted lines in (a) correspond to Nu(z) = jc(z)+ jd(z) =
const. (b) Mean profile of the root-mean-square (rms) for the full velocity field (solid line) and
the vertical velocity component (dashed line).
that diffusive term dominates throughout the whole layer. The increasing suppression
of fluid turbulence is also demonstrated in figure 5.29(b) by the r.m.s velocity profiles
which are given for the quasisteady cases for Ha≥ 1000 by urms(z) = 〈u2x+u2y+u2z 〉1/2A
and wrms(z) = 〈u2z 〉1/2A . It is not only that total fluctuation level decreases then as a
whole, but also that the vertical velocity fluctuations provide an increasing fraction to
the total fluctuation magnitude for Ha≥Hac. The ratio of the root mean square values
taken in the full cell volume, wrms/urms = 0.71,0.82, and 0.83 for Ha = 1000,1500
and 2000.
The importance of the wall modes for the transport of heat and momentum beyond
the Chandrasekhar limit is highlighted in figure 5.30 where we determine Nusselt num-
ber and root mean square velocities over successively smaller concentric cross section
areas S = [r, Γ− r]× [r, Γ− r] with r being the sidewall-normal distance. The def-
inition of S is presented in figure 5.28(c). These averages are indicated by 〈·〉S. As
visible in figure 5.30, the transport decreases significantly within a few Shercliff layer
thicknesses δSh = 1/
√
Ha thus further supports the hypothesis that the transport for
Ha > Hac is connected to the wall modes. It is also seen that the heat transfer drops
to the diffusive lower bound of Nu = 1 for r & 2δSh for the highest Hartmann number.
All velocity profiles drop significantly towards the center of the cell.
5.3.2.3 Wall-mode structure together with thermal and Shercliff boundary lay-
ers
We proceed with an analysis of the viscous and thermal boundary layers in conjunc-
tion with the wall-modes. In table 5.2, we list all important boundary layer thicknesses.
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Figure 5.30: (Published in Liu et al. [2018]) Near-sidewall transport of heat and momentum
beyond the Chandrasekhar stability limit. Nusselt number and root mean square velocities are
determined over successively smaller horizontal cross section S. Profiles are plotted versus a
sidewall-normal distance r in units of the Shercliff layer thickness δSh. (a) Nusselt number
〈Nu〉S. (b) Root mean square velocity 〈u2i 〉1/2S =〈u2x +u2y +u2z 〉1/2S . (c) Root mean square vertical
velocity component 〈u2z 〉1/2S . Data are Ha = 1000,1500 and 2000 as indicated in (a).
The thermal boundary layer thickness δT = 1/(2Nu) at the top and bottom approaches
0.5 in agreement with Nu→ 1 as Ha grows. The mean thermal boundary layer thick-
ness at the sidewall, δ (sw)T is obtained from profiles of the temperature fluctuations,
θ(x, t) = T (x, t)−〈T (z)〉A,t , with respect to the sidewall-normal coordinate r. These
profiles are calculated for Ha ≥ 1000 only, i.e., when the dominantly vertical up- and
down-flows are attached to the sidewalls. They are always obtained as an average over
all four sidewalls. The value of δ (sw)T is determined by a standard slope method, i.e., as
the intersection point of the horizontal line drawn through the mean value of 〈θ(r)〉sw
in the bulk and a tangent which is fitted to the same profile very close to the sidewall.
The corresponding values decrease as Ha grows and are given in table 5.2.
In the presence of a strong B0, the standard viscous boundary layer thickness δv
has to be substituted by the Hartmann layer thickness δHa = 1/Ha at the top and bot-
tom. As seen in table 5.2, the Hartmann layers become extremely thin and their ap-
propriate resolution makes these DNS very demanding. The viscous sidewall layers
are also affected by the external magnetic field. Here the fluid motion in horizon-
tal (x,y)-directions, i.e. transverse to the sidewall-parallel magnetic field, is affected
and Shercliff layers with thickness δSh are formed. The Shercliff thickness will be
chosen as the length-scale in which the wall modes are measured. The latter ones es-
tablish a complex flow structure at the sidewalls which is quantified in figure 5.31 for
the highest external field at Ha = 2000. We observe the alternating up- and down-
flows of warmer and colder fluid, respectively (see figure 5.31(a,b)). The tongue-like
structure consists of three thin counter-flowing jets (up-down-upwelling or down-up-
downwelling) which arise due to the incompressibility condition (see figures 5.31(b)
and 5.27). The velocity amplitude inside the modes is still remarkably large with a
maximum of uz ∼ 0.1 as seen in figure 5.31(d).
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Run Ha δT δ
(sw)
T δHa δSh δ
(sw)
T /δSh rcr/δSh β/N
1 0 0.051 – ∞ ∞ – – –
2 200 0.065 – 0.005 0.071 – – –
3 500 0.122 – 0.002 0.045 – – –
4 1000 0.355 0.338 0.0010 0.032 10.69 3.46 0.30
5 1500 0.391 0.260 0.0007 0.026 10.07 3.46 0.30
6 2000 0.435 0.227 0.0005 0.022 10.15 3.47 0.30
Table 5.2: (Published in Liu et al. [2018]) Summarizing list of different boundary layer thick-
nesses which can be obtained in the magnetoconvection flow in a closed cell. We list thermal
boundary layer thicknesses at top/bottom and sidewalls as well as Hartmann and Shercliff layer
thicknesses. For the runs with wall modes we also list the ratios rcr/δSh and β/N to quantify a
two-layer structure. Here, rcr is the crossover width of the two spatial decays laws of convective
heat flux of the wall modes. The exponential decay of the inner layer is measured by exponent
β which is found in a fixed ratio to the corresponding interaction parameter (or Stuart number)
N = Ha2/
√
Ra/Pr.
Figures 5.31(b,c) shows a two-layer structure of the wall modes on the basis of the
vertical velocity component and heat transport. Figure 5.32 supports this observation
further by an analysis of the convective heat transfer 〈Nu〉S− 1 =
√
RaPr〈uzT 〉S (see
also figure 5.30(a)). For all runs at Ha ≥ 1000, two exponential decays laws can be
observed. These decays separate two different layers: the bulk region dominated by
diffusive heat transport and the inner near-wall region with residual convective flow
motion, particularly well observable at the highest Ha = 2000. We have verified that
the pronounced minimum at this largest Hartmann number persists for finer compu-
tational grids by shorter test reruns at higher resolutions. The crossover distance rcr,
identified as the intersection point of both exponential fits, is found at a fixed ratio to
the Shercliff layer thickness δSh for the three runs, as given in the table 5.2. This result
implies that the inner section of the sidewall layer is on average of Shercliff-type de-
spite the alternating pattern of horizontal up- and downflows. The distance rcr matches
the point where the thin tongue-like vertical flows in figure 5.31(b,c) appear. Inter-
estingly, the exponential fit Nu− 1 ≈ A× exp(−β r) of the inner sublayer for r ≤ rcr
results in spatial decay rates β being a fixed ratio to the interaction parameter (or Stuart
number) N = Ha2/
√
Ra/Pr. This parameter relates Lorentz to inertial forces and, in
the present DNS series, underlines the dominance of Lorentz forces at Ha≥ 1000.
5.3.2.4 Summary and discussion
We have studied three-dimensional magnetoconvection in a closed rectangular cell
under the influence of a strong external vertical magnetic field B0. An increase of
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Figure 5.31: (Published in Liu et al. [2018]) Detailed structure of the wall modes at Ha= 2000.
Horizontal cross section of the time-averaged (a) temperature field T , (b) vertical velocity com-
ponent uz and (c) heat transport uzT at the mid-plane (z = 0). The violet horizontal line indi-
cates Shercliff boundary layer thickness δSh. The green horizontal line indicates rcr = 3.47δSh.
Sidewall distance rcr is determined in figure 5.32. (d) Profiles of vertical velocity component
versus the wall y-distance are taken at seven x-positions indicated by the cyan vertical lines in
panel (b). Profiles from red to blue via grey correspond to the cyan lines from left to right. The
vertical velocity component is averaged over the whole cell height in these profiles.
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Figure 5.32: (Published in Liu et al. [2018]) Two-layer structure of the wall modes. The global
convective heat flux Nu−1 taken over cross sections S is plotted with respect to the sidewall-
normal coordinate r is plotted for Ha≥ 1000. The spatial exponential decay with r is fitted by
two separate scaling laws which intersect at r = rcr.
the magnetic field strength, which is measured by an increasing Hartmann number
Ha, suppresses the highly turbulent motion of the enclosed liquid metal at B0 = 0
ever stronger. In a close analogy to rotating Rayleigh-Be´nard convection, we find
(laminar) sidewall modes that continue to exist for magnetic fields with Ha > Hac.
For the present set of simulations, we were able to follow these wall modes up to
Ha = 2Hac. A further increase of the Hartmann number would require even finer
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mesh resolutions at the sidewalls. It is planned to ramp up these simulations for higher
Hartmann numbers in the future.
A splitted jet or sandwich-type structure was seen in the linearly unstable modes
of Houchens et al. [2002]. Our present simulations revealed this double-layer struc-
ture of the wall modes and show that it scales with the Shercliff layer thickness. This
again is similar to the boundary thicknesses near the sidewall in the rotating convec-
tion case where wall modes were found to be related to Stewartson layers that scale
with Ekman number [Kunnen et al., 2013, 2011]. We did not observe a drift of the
wall modes which was observed in rotating RBC with different cell geometries [Horn
& Schmid, 2017; Knobloch, 1998; Vasil et al., 2008] and can be traced back to a
breaking of azimuthal reflection symmetry [Ecke et al., 1992]. It remains open which
symmetry-breaking bifurcation could be at work for the convection flow in the pres-
ence of a strong magnetic field. The absence of a drift in our DNS might be attributed
to the relatively short total integration time of 31 free fall time units which is a small
fraction of the momentum diffusion time scale – the slowest time in our flow on the
basis of characteristic system parameters. At Ra = 107 and Pr = 0.025 this results to
tvis =
√
Ra/Pr Tf = 2× 104Tf . Indeed, at Hartmann numbers of Ha ≥ 1000, mag-
netoconvection becomes a very slow dynamical process and numerical studies would
require extremely long-term runs of this order of magnitude.
Our present numerical findings for the existence of wall modes are consistent
with the predictions by Houchens et al. [2002] and Busse [2008] for the Hartmann
number Hac at which the convection should be completely ceased in a closed cell.
For Ra = 107, this gives Hac = (Ra/68.25)2/3 ≈ 2777 if the asymptotic solution of
Houchens et al. [2002] is taken from their closed cylindrical cell with Γ = 1. From
the asymptotic theory of Busse [2008] that applies free-slip boundary conditions at the
top and bottom plates follows Hac = (Ra/(3pi2
√
3pi/2))2/3 ≈ 2890. Both theoretical
approaches suggest thresholds that are still larger than the Hartmann number which
could be obtained here. This should however be possible in a simulations which we
plan to conduct in the near future, as already stated.
The observed wall modes resemble also an interesting similarity to isolated turbu-
lent spots in the Shercliff layers in MHD pipe and duct flows at the edge of relami-
narization [Krasnov et al., 2013; Zikanov et al., 2014a]. Despite one major difference
– the present system is linearly unstable in contrast to pipe and square duct flows –
both cases lead to the development of residual structures that maintain a transport of
heat and momentum. They are formed in thin near-wall zones, whereas the rest of the
domain remains essentially unperturbed. Similar to MHD duct and pipe flows, wall
modes are rather weak and, thus, difficult to identify in experiments if only integral pa-
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rameters can be measured as discussed by Krasnov et al. [2013]. These modes provide
virtually no impact on the vertical temperature distribution and the Nusselt number
only slightly differs from the lower diffusive bound. These similarities suggest that the
residual sidewall structures are very likely a common feature of MHD wall bounded
flows subject to strong external magnetic fields.
5.4 An extension of Grossmann and Lohse theory to
magnetoconvection in a vertical magnetic field
Grossmann and Lohse (GL) theory [Grossmann & Lohse, 2000, 2001] is an unify-
ing scaling theory for the heat and momentum transport in turbulent Rayleigh-Be´nard
convection, which describes Nu(Ra, Pr) and Re(Ra, Pr). The central idea of the GL
theory is a decomposition of the dissipation rates into contributions from the bulk
and the boundary layers in the vicinity of the plates. These contributions have to be
weighted with the volume fractions that are occupied by the boundary layers of the
temperature and velocity fields. An extension of GL theory to the case of quasistatic
magnetoconvection in the presence of a (strong) constant vertical magnetic field B0
was developed by our co-worker Zu¨rner et al. [2016]. The extension aimed at predict-
ing the functional dependence Nu(Ra, Pr, Ha) and Re(Ra, Pr, Ha) in the limit of low
Prandtl number Pr and low magnetic Prandtl number Prm.
To make this thesis self-contained, we briefly recapitulate the key approach to ex-
tend the GL theory to magnetoconvection. Following the idea of GL theory, the ki-
netic energy dissipation rate ε(x, t) = ν2 (∂iu j + ∂ jui)
2, the magnetic dissipation rate
εB(x, t) = η2µ0ρ0 (∂ib j + ∂ jbi)
2 and the thermal dissipation rate εT (x, t) = κ(∂iT )2 are
decomposed into respective bulk contribution and boundary layer (BL) contributions:
ε = εbulk + εBL , (5.6)
εB = εB,bulk + εB,BL , (5.7)
εT = εT,bulk + εT,BL . (5.8)
The globally averaged dissipation rates (left-hand sides of equations (5.6-5.8)) follow
the exact scaling laws:
ε+ εB =
ν3
H4
(Nu−1)Ra
Pr2
, (5.9)
εT = κ
(∆T )2
H2
Nu (5.10)
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The six contributions to the dissipation rates (right-hand of equations (5.6-5.8)) can be
estimated as follows:
εbulk ∼ U
3
H
=
ν3
H4
Re3 , (5.11)
εBL ∼ νU
2
δ 2v
δv
H
=
ν3
H4
Re2Ha , (5.12)
εB,bulk ∼ ηµρ0
Rm2B20
H2
=
ν3
H4
Re2Ha2 , (5.13)
εB,BL ∼ ηµρ0
Rm2B20
δ 2v
δv
H
=
ν3
H4
Re2Ha3 , (5.14)
εT,bulk ∼ (∆T )
2U
H
= κ
(∆T )2
H2
RePr , (5.15)
εT,BL ∼ κ (∆T )
2
δ 2T
δT
H
= κ
(∆T )2
H2
√
RePr . (5.16)
The thickness of thermal BL remains δT =H/(2Nu) and the thickness of kinetic BL is
that of the Hartmann layers δv =H/Ha. Changes in these scaling laws due to different
flow regimes are accounted by crossover functions. The regime transitions considered
in this model are: (i) the nesting of the thermal BL either inside or outside the kinetic
BL, (ii) the transition to a fully turbulent bulk flow near a Reynolds number Re∗ and
(iii) the onset of convection at Rac, where Rac is the critical Rayleigh number scales as
Rac = pi2Ha2 [Chandrasekhar, 1961]. Combination of these scaling laws and crossover
functions leads to the following two model equations:
(Nu−1)Ra
Pr2h(Ra/Rac)
= c1ζ 3g
(
ζ
Re∗
)
+ c2ζ 2Ha+ c3ζ 2Ha2+ c4ζ 2Ha3 , (5.17)
with
ζ =
(√
c26+
4c5(Nu−1)
h(Ra/Rac)
− c6
)2
4c25Pr f
(
2Nu
Ha
) .
and
Re =
(√
c26+4c5(Nu−1)− c6
)2
4c25Pr f
(
2Nu
Ha
) . (5.18)
f , g and h are the crossover functions mentioned above which are relatively defined as
f (xT ) = (1+ xnT )
−1/n with the argument xT = δv/δT = 2Nu/Ha and n = 4, g(x∗) =
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1/ f (1/x∗) with the argument x∗ = Re/Re∗ and h(xc) = 1− f (xc), where xc = Ra/Rac.
c1 to c6 are the coefficients that give the absolute magnitude of the local scaling
laws. These parameters together with Re∗ are a priori unknown model parameters
which have to be determined from a data record. Once the model parameters are
fixed, the model equations (5.17) and (5.18) can be solved to obtain the expressions
Nu = Nu(Ra,Ha,Pr) and Re = Re(Ra,Pr,Ha).
In order to fix the model parameters c1 to c6 and Re∗, at least one data record
(Nu, Re, Ra, Ha, Pr) which includes the Reynolds number is needed. However, to
the best of our knowledge, there are no publications that report data sets including Re.
Therefore, the DNS of this work are necessary to provide at least one operating point
for evaluating the model parameters.
In Zu¨rner et al. [2016], the model equations has been fitted based on our DNS with
the relatively low Rayleigh number Ra≤ 106 and existing experimenral data by Cioni
et al. [2000], which is the only experiment that was operated at a sufficiently high
Rayleigh number. The resulting optimal parameters were c1 = 0.053, c2 =−2.4, c3 =
0.014, c4 =−3.7×10−6, c5 = 0.0038, c6 = 0.48 and Re∗ = 56000. Here we add high-
Rayleigh-number DNS dataset and get a new set of optimal model parameters which
are c1 = 0.024, c2 = −1.4, c3 = 0.0081, c4 = −2.2× 10−6, c5 = 0.0029, c6 = 0.42
and Re∗ = 73000. The experimental data as well the DNS data have been obtained
for convection at a Prandtl number of Pr = 0.025 and the fixed Pr leads the scaling
expressions to Nu = Nu(Ra,Ha) and Re = Re(Ra,Ha). Figure 5.33 display Nu as a
function of Ra for three fixed Ha and for Pr = 0.025. The profiles in panel (a) present
the results based on the old model parameters [Zu¨rner et al., 2016] and the curves
in panel (b) show the results based on the new model parameters. It is shown that,
the theory results fits to the experiments much better after adding the high-Rayleigh-
number DNS dataset.
Figure 5.34 shows the Ra−Ha phase diagrams for Nu and Re calculated with the
new parameter values. Comparing to the one published in [Zu¨rner et al., 2016], the
general features remain the same. The diagonal line labeled Ra = pi2Ha2 displays
the Chandrasekhar linear stability limit of the onset of convection, above which the
fluid is in a purely diffusive state without convective flow, i.e. Nu = 1 and Re = 0.
Furthermore, the line is displayed for which δv = δT . Above this line the Hartmann
layer thickness will be smaller as the thermal boundary layer thickness. This char-
acteristic line is crossed by a second line that shows Re = Re∗. On the left side of
this line the convection flow is not fully developed turbulent, but in weakly nonlin-
ear and time-dependent convection state. All data which are to the right of this line
can be considered as fully turbulent convection data. The parameter space below the
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Figure 5.33: Nu vs Ra for three fixed Ha for Pr = 0.025. The solid lines show the results based
on the extended GL theory with the model parameters (a) fitted with the low-Rayleigh-number
DNS dataset and (b) fitted with the high-Rayleigh-number DNS dataset. The points show the
data from the experiments by Cioni et al. [2000].
Figure 5.34: Phase diagrams of Nu and Re on the Ra-Ha-plane for Pr = 0.025. The sym-
bols represent the data of our numerical simulations (circles) and the experiments by Cioni
et. al. Cioni et al. [2000] (diamonds) used for fitting the model parameters. The lines in the
diagrams mark the position of the crossovers introduced in the model: Below δT = δv the
scaling of the thermal BL dissipation changes, Re = Re∗ marks the scaling transition from a
weakly nonlinear to turbulent bulk flow and Ra = pi2Ha2 indicates the onset of convection.
Regimes I to IV are marked as described in the text. Dashed lines denote the results based on
the low-Rayleigh-number DNS dataset in a cubic box.
Chandrasekhar limit splits into four subregions by the lines δv = δT and Re = Re∗: (I)
weakly nonlinear flow and strong magnetic field, (II) fully developed turbulent flow
and strong magnetic field, (III) fully developed turbulent flow and weaker magnetic
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field and (IV) weakly nonlinear flow and weaker magnetic field.
In contrast to standard Rayleigh-Be´nard convection, the database used for fitting
the model parameters in magnetoconvection is very small. As shown in figure 5.34,
most of the data are placed in regime I with a few of the experimental data reaching
regime II. Regimes III and IV do not contain any data points. Therefore, more data
are required to make more precise predictions of GL theory for magnetoconvection.
These efforts are currently under way with new laboratory experiments by our co-
worker Zu¨rner et al. Additional numerical simulations are also planned in the near
future.
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Chapter 6
Conclusion and Outlook
We have conducted series direct numerical simulations to study three-dimensional
turbulent Rayleigh-Be´nard magnetoconvection in liquid metal at a fixed Prandtl num-
ber of Pr = 0.025 in closed rectangular cells with different aspect ratios. Our setting
is the quasistatic or low-Rem limit. Two representative systems have been investigated,
that of turbulent magnetoconvection in an external constant horizontal magnetic field
and in an external constant vertical magnetic field. It was investigated in detail how
the turbulent heat and momentum transfer is affected and how the structures are reor-
ganized by the external magnetic field.
For the system with an external horizontal magnetic field, turbulent Rayleigh-
Be´nard convection at a Rayleigh number of Ra= 106 in closed cells with two different
geometries that a square box with an aspect ratio of Γ= 4 : 4 : 1 and a long rectangular
box with Γ= 1 : 4 : 1 are studied. The significant results and outcome are as follows:
In the square box with an aspect ration of Γ= 4 : 4 : 1, different convection pattern
regimes which are related to the Hartmann number Ha are identified. At low horizontal
magnetic field, the flow regime is large-scale convection without aligned rolls and at
sufficiently strong horizontal magnetic field, the flow regime is quasisteady 2D four-
roll pattern aligned to the magnetic field. The quasi 2D roll like structure extends the
uniform bulk central region of the convection and thins the thermal boundary layers,
causing an increase of heat and momentum transfer coefficient. In between, the most
remarkable regime that of flow reversals in which four rolls change their circulation
direction periodically has been observed. Similar to Yanagisawa et al. [2013, 2015]
and Tasaka et al. [2016], the key regime of the flow reversals is the interaction of
between the aligned convection rolls and global horizontal circulation caused by the
skewed-varicose instability. The process of flow reversal can be generally described
as bending (expanding and shrinking of the rolls), breakdown and reconnection of
the convection rolls. However, the detailed procedure may be different for the cases
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with different strength of magnetic field. Particularly, direction reversals of the driving
global horizontal circulation are also detected. The reversal regime also shows an
interesting similarity to the large-scale temporal intermittency in the channel flow with
spanwise magnetic field which is found at intermediate values of Ha [Boeck et al.,
2008].
In the long rectangular box with an aspect ration of Γ = 1 : 4 : 1 with the external
magnetic field parallel to the longest horizontal walls, we also detect different convec-
tion patterns dependent on the strengths of the magnetic field. Without magnetic field
or with a low magnetic field, the flow pattern shows oscillating rolls with axes normal
to the longest side walls. For a sufficiently strong magnetic field, the flow pattern is or-
ganized to a quasisteady one-roll structure aligned with the magnetic field, i.e. parallel
to the longest side walls. Interestingly, at moderate magnetic field, we observe a long
transition period before the aligned one-roll structure established. The flow pattern
during the transition period shows a twisted roll structure which consists of two half-
vessel-length-scale rolls which have different orientations. The two rolls are aligned
with the magnetic field and are quasi 2D except the zone where they connect.
For the system with an external vertical magnetic field, turbulent Rayleigh-Be´nard
convection at a Rayleigh number of Ra= 106 in a closed cubic cell with an aspect ratio
of Γ = 1 : 1 : 1 and at a high Rayleigh number of Ra = 107 in a square box with an
aspect ratio of Γ = 4 : 4 : 1 are mainly reported in this thesis. The significant results
and outcome are as follows:
The flow pattern in Rayleigh-Be´nard convection that confined in a cube with Ra =
106 takes the form of a single LSC occupying almost the complete central region with
its orientation oscillating in time in the absence of magnetic field. A vertical mag-
netic field inhibits the oscillation of LSC and thus decreases the heat and momentum
transport. As the magnetic field is increasing, the convection tends to be expelled from
the interior to the near-wall regions, with the fluid motion almost completely absent in
the bulk. We have detected multiple states for equal input parameters due to different
initial states, which may influence the heat and momentum transport especially for the
runs with moderate vertical magnetic field. For the runs with low magnetic field, we
observe an inverse of mean temperature profile in the bulk of the cubic cell which is
due to the highly confined small aspect ratio.
The effect of an external vertical magnetic field on heat and momentum transport
as well as on the convection structures has been more systemically investigated by
the DNS of Rayleigh-Be´nard convection at a high Rayleigh number of Ra = 107 in
a square box with an aspect ratio of Γ = 4 : 4 : 1 with the strength of magnetic field,
which is increased from Ha = 0 up to a value Ha = 2000 such that the confined flow
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as a whole gets far beyond the Chandrasekhar limit (Hac = 1007). By a Fourier anal-
ysis, we have shown that the convection patterns are reorganized with a decreasing
characteristic horizontal wavelength as Ha increases towards the Chandrasekhar limit.
The turbulent heat transfer, which is investigated in concentric square shells, is found
to become increasingly heterogeneously distributed with flow modes that are attached
to the side wall. The sidewall modes, in short wall modes, continue to exist for mag-
netic fields with Ha > Hac which is in a close analogy to rotating Rayleigh-Be´nard
convection.
We have conducted a detailed analysis of the wall modes and revealed complex
split jet or sandwich-type structures of these wall modes. Their extension into the cell
interior results a sidewall boundary layer composition that is found to scale with the
Shercliff layer thickness. This again is similar to the boundary thicknesses near the
sidewall in the rotating convection case where wall modes were found to be related
to Stewartson layers that scale with Ekman number [Kunnen et al., 2013, 2011]. We
did not observe a drift of the wall modes which was observed in rotating Rayleigh-
Be´nard convection with different cell geometries [Horn & Schmid, 2017; Knobloch,
1998; Vasil et al., 2008] and can be traced back to a breaking of azimuthal reflection
symmetry [Ecke et al., 1992]. The observed wall modes bear also an interesting simi-
larity to isolated turbulent spots in the Shercliff layers in MHD pipe and duct flows at
the edge of relaminarization [Krasnov et al., 2013; Zikanov et al., 2014a] suggesting
that the residual sidewall structures are very likely a common feature of MHD wall
bounded flows subject to strong external magnetic fields.
In the following, we discuss some possible projects which may be investigated in
the future upon the present work.
First, concerning the flow reversals in liquid metal convection under influence of a
moderate horizontal magnetic field, it would be interesting to perform DNS in larger
square boxes to understand better the transition regimes between the patterns, which
are difficult to access by experiments. It would be also instructive to check if flow
reversals can be detected in a square geometry with periodic side wall boundaries.
Secondly, concerning the observed twisted roll structure in liquid metal convec-
tion within a long rectangular geometry with a horizontal magnetic field parallel to the
longest sidewalls, it would be helpful to perform DNS in an even longer geometry to
better understand the regime behind the twisted structure. It would be also interest-
ing to study the hysteresis behavior of the transition regime between the convection
patterns.
Thirdly, concerning the subcritical wall modes in liquid metal convection under
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effects of a vertical magnetic field, a further increase of the Hartmann number ap-
proaching threshold at which the convection should completely cease in a closed cell
is necessary to better understand wall modes in magnetoconvection. This requires big
simulations that resolve the thin Hartmann and Shercliff layers.
Finally, we have conducted the DNS by considering a constant temperature bound-
ary conditions at top and bottom walls. It would be beneficial to consider a constant
heat flux boundary at top and bottom walls especially for the case of magnetoconvec-
tion with a vertical magnetic field, where the vertical energy component is expected
increasing monotonously as the strength of vertical magnetic field increasing.
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